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Abstract 

We consider a pattern-forming system in two space dimensions defined by an en- 
ergy Qf; . The functional 5e models strong phase separation in AB diblock copolymer 
melts, and patterns are represented by {0, l}-valued functions; the values and 1 
correspond to the A and B phases. The parameter e is the ratio between the intrin- 
sic, material length scale and the scale of the domain il. We show that in the limit 
e ^ any sequence Ue of patterns with uniformly bounded energy Gsius) becomes 
stripe-like: the pattern becomes locally one-dimensional and resembles a periodic 
stripe pattern of periodicity 0(e). In the limit the stripes become uniform in width 
and increasingly straight. 

Our results are formulated as a convergence theorem, which states that the func- 
tional Qe Gamma-converges to a limit functional Go ■ This limit functional is defined 
on fields of rank-one projections, which represent the local direction of the stripe 
pattern. The functional Go is only finite if the projection field solves a version of 
the Eikonal equation, and in that case it is the L^-norm of the divergence of the 
projection field, or equivalently the L^-norm of the curvature of the field. 

At the level of patterns the converging objects are the jump measures IVueI 
combined with the projection fields corresponding to the tangents to the jump set. 
The central inequality from Peletier & Roger, Archive for Rational Mechanics and 
Analysis, to appear, provides the initial estimate and leads to weak measure-function- 
pair convergence. We obtain strong convergence by exploiting the non-intersection 
property of the jump set. 

AMS CI. 49J45, 49Q20, 82D60. 

Keywords: Pattern formation, F-convergence, Monge-Kantorovich distance, Eikonal 
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1 Introduction 
1.1 Striped patterns 

Of all the patterns that nature and science present, striped patterns are in many ways 
the simplest. Amenable to a one-dimensional analysis, they are often the first to be 
analysed and their characterization is the most complete. In many systems stationary 
stripe patterns are considered to be well understood, with the research effort focusing on 
either pattern evolution (such as in the Newell- Whitehead-Scgcl equation) or on defects. 

In this paper we return to a very basic question: can we prove rigorously that 'stripes 
are best' in the appropriate parts of parameter space? The word 'best' requires spec- 
ification, and let us therefore restrict ourselves to stationary points in variational sys- 
tems, and take 'best' to mean 'globally minimizing'. Can we prove that stripes are 
global minimizers? Within the class of one-dimensional structures — those represented 
by a function of one variable — optimality of one such structure has been shown in for 
instance the Swift-Hohenberg equation [21, 31, 20, 19, 30] and in a block copolymer 
model [25, 33, 15, 8, 7, 38]. However, when comparing a striped pattern with arbitrary 
multidimensional patterns we know of no rigorous results, for any system. 

The work of this paper provides a weak version of the statement 'stripes are best' 
for a specific two-dimensional system that arises in the modelling of block copolymers. 
This system is defined by an energy that admits locally minimizing stripe patterns 
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of width 0(e). As e ^ 0, we show that any sequence of patterns for which ^e(n£) is 
bounded becomes stripe-hke. In addition, the stripes become increasingly straight and 
uniform in width. 



1.2 Diblock Copolymers 



An AB diblock copolymer is constructed by grafting two polymers together (called the 
A and B parts). Repelling forces between the two parts lead to phase separation at a 
scale that is no larger than the length of a single polymer. In this micro-scale separa- 
tion patterns emerge, and it is exactly this pattern-forming property that makes block 
copolymers technologically useful [35]. 

By modifying the derivation in [29, Appendix A] we find the functional 
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e I I Vn| H — d{u, 1 — u), 
In £ 



ifue K, 

oo otherwise. 
Here Cl is an open, connected, and bounded subset of with boundary, and 



:i.i) 



K := !^ue BV{n;{0,l}) : J u{. 



x) dx 



and n = on dQ 



(1.2) 



The interpretation of the function u and the functional are as follows. 

The function u is a characteristic function, whose support corresponds to the region of 
space occupied by the A part of the diblock copolymer; the complement (the support of 
1 — u) corresponds to the B part. The boundary condition u = in K reflects a repelling 
force between the boundary of the experimental vessel and the A phase. Figure 1 shows 
two examples of admissible patterns. 





Figure 1: A section of a domain 0, with a general admissible pattern (left) and a stripe- 
like pattern (right). We prove that in the limit e ^ all patterns with bounded energy 
Qi; resemble the right-hand picture. 

The functional contains two terms. The first term penalizes the interface between 
the A and the B parts, and arises from the repelling force between the two parts; this term 
favours large-scale separation. In the second term the the Monge-Kantorovich distance d 
appears (see (2.2) for a definition); this term is a measure of the spatial separation of 
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the two sets {u = 0} and {u = 1}, and favours rapid oscillation. The combination of the 
two leads to a preferred length scale, which is of order e in the scaling of (1.1). 

The competing long- and short-range penalization in the functional is present in 
many pattern-forming functionals, such as the Swift-Hohenberg and Extended Fisher- 
Kolmogorov functionals (see [28] for an overview). A commonly used energy in the 
modelling of block copolymers was derived by Ohta and Kawasaki [26] (see also [9] ) ; its 
sharp-interface limit shares the same interface term with and contains a strongly 
related distance penalization. 

1.3 Properties of 

Many of the properties of the functional can be understood from the following lower 
bound. (The description that follows is embellished, and cuts some corners; full details 
are given in Section 3) . Take a sequence , and let us pretend that the interface d supp Ue 
consists of a single closed curve 7^ : [0, L^] — > fi, parametrized by arclength s. 

The metric d induces a partition of the domain 0, into roughly-tubular neighbour- 
hoods of 7£, and defines a parametrization of of the form 

{s, m) ^ 7e(s) + te{m; s)6s{s) for < s < and - Me{s) < m < Me{s). 

Here 6^ : [0, L^] — > is the direction of the rays along which mass is shifted by an 
optimal transport (see Section 2.1 below), and m 1— > tsim-js) is an increasing function 
(see Figure 2). The function Mg : [OjLj] — > [0, 00) is the area density between two rays, 
and can be interpreted as (approximately) the width of a tubular neighbourhood. Each 
such tubular neighbourhood then consists of 'half of a Ug-stripe (0 < m < M^{s)) and 
half of a (1 - 'Ue)-stripe (-Me(s) < m < 0). 




Figure 2: The parametrization induced by the distance d{u, 1 — u). 
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Using this parametrization we find for the functional the (simplified) estimate 



L 




e 



- 1 




2 



sinZ(7^(s),e,(s)) 



1 



(1.3) 



In this integral we have joined a factor e with the length element ds, so that the integral 
satisfies eds = e iVu^l ~ 1. 

In the inequality above, all three terms on the right-hand side are non-negative. If 

— 1^1 vanishes as e — > 0, then necessarily 

• Mg/e converges to 1, implying that the tubular neighbourhoods become of uniform 
width 2M^ ?s! 2£- 

• 7^(5) and Os{s) become orthogonal at each s, which means that 6^ becomes a unit 
normal to 7£. 

These two properties imply that the final term in (1.3) is approximately equal to 



With these arguments in mind we introduce a rescaled functional defined by 



If for a sequence the rescaled energies Geitie) arc bounded in e, then from the discussion 
above we expect to become stripe-like, with stripes that are of width approximately 
2e; the limit value of the sequence Ge{ue) will be related to the curvature of the limiting 
stripes. 

1.4 The limit problem 

If, as we expect, is a sequence of patterns with an increasingly uniform stripe pattern, 
then the sequence should converge weakly to its average on fl. that is 1/2. This 
implies that the sequence of functions does not capture the directional information 
that we need in order to define a 'straightness' or 'curvature' of the limit structure. 

The derivative V«£ does carry information on the direction of the stripes, but it 
vanishes in the limit, as one can readily verify by partial integration. The interpretation 
of this vanishing is that interfaces that face each other carry opposite signs and therefore 
cancel each other. 

In order to counter this cancellation we switch from vectors to projections. For the 
purposes of this paper, a projection will be a symmetric rank-one unit-norm 2-by-2 
matrix, or equivalently a matrix P that can be written as P = e (8) e, where e is a 
unit vector. For u £ K the Radon-Nikodym derivative dVu/d\Vu\ is a unit vector at 
|Vu|-a.e. X, and this allows us to define 





(1.4) 



P{x) : 



Vu 



(x) (g) 



(x) 



for iVul-a.e. x. 



|Vn| 
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Vn 




Figure 3: P is the orthogonal projection onto the hne normal to Vu. 



Here and below we write simply Vti/|Vu| instead of d'Vu/d\'Vu\, and we use the nota- 
tion for the rotation over 90 degrees anti-clockwise of the vector e. With this definition 
P projects along the vector Vn onto the line with direction Vu^. 

The space V of projections is homeomorphic to P^, the projective line, i.e. 3^/7^2 
or with plus and minus identified with each other, something which can be directly 
recognized by remarking that in P = e (8) e one can replace e by — e without changing P. 
Since the direction of the stripes in Fig. 1 (right) is also only defined up to 180 degrees, 
this shows why projections are a more natural characterization of stripe directions than 
unit vectors. 

In the limit e — > the stripe boundaries become dense in Q, suggesting that the limit 
object is a projection P{x) defined at every x G fi. Let us assume, to fix ideas, that this 
P arises from a smooth unit-length vector field e, such that P(x) := e{x) (8) e(x). We 
keep the interpretation of a stripe field in mind, in which e{x) is the tangent direction of 
a stripe at x. The divergence^ of P splits into two parts: 



The first of these is the derivative of e in the direction of e, and therefore equal to the 
curvature of the stripe. It follows that this term is orthogonal to the stripe. The second 
term measures the divergence of the flow field e, and since e is unit-length this term 
measures the relative divergence of nearby stripes. If the stripes are locally parallel, this 
term should vanish. 

Summarizing, if P is the limit projection field, then div P is expected to contain two 
terms, one of which is parallel to the stripe and should vanish, and the other which is 
orthogonal to the stripe and captures curvature. This serves to motivate the following 
definition of the admissible set of limit projections P: 



divP = (Ve) • e + e(dive). 



Definition 1.1. ICo{^) is the set of all P £ L2(^.]^2x2) g^^j^ ^^^^^ 



p"^ = P 



a.e. in 



rank P = 1 



a.e. in Vt 



P is symmetric a.e. in Vt, 



div P £ L^(M^; M^) (extended to outside Q), 
P divP = a.e. in Q. 



Recall that the divergence of a matrix with elements aij is the vector ^ . dja. 



6 



□ 



The first three conditions encode the property that P is a projection field. Tlie fourth 
one is a combination of a regularity requirement in the interior of and a boundary 
condition on dfl (see Remark 5.1); we comment on boundary conditions below. The 
regularity condition implies that div P is locally a function, which ensures that the fifth 
condition is meaningful. That last condition, which reduces to dive = in the case 
discussed above, is exactly the condition of parallel stripes. 

The regularity condition also implies that various singularities in the line fields are 
excluded. We comment on this issue in the Discussion below. 

1.5 The Eikonal Equation 

As is to be expected from the parallel-stripe property, the set ICo{Q) can be seen as a 
set of solutions of the Eikonal equation. The Eikonal equation arises in various different 
settings, and consequently has various formulations and interpretations. For our purposes 
the important features are listed below. With the stripe pattern in mind we identify at 
every point two orthogonal vectors, the tangent (which would be e above) and the normal. 
Naturally this identification leaves room for the choice of sign, but since our application 
is stated in terms of projections rather than vectors this will pose no problem. 
Elements of /Co(f^) satisfy 

• tangents propagate along normals: along the straight line parallel to the normal in 
xo, the tangents are constant and equal to the tangent in xo 

• the boundary d^l is tangent: the stripes run parallel to the boundary dQ. 

This leads to the following existence and uniqueness theorem, which we prove in a 
separate paper using results from [17]: 

Theorem 1.2 ([32]). Among domains O with boundary, /Co(fi) is non-empty if and 
only if ^ is a tubular domain. In that case K.q{^) consists of a single element. 

A tubular domain is a domain in that can be written as 

o = r + p(o,<5), 

where F is a closed curve in with curvature n and < < In this case the 

width of the domain is defined to be 26. The unique element P G /Co(^) in the theorem 
is given by 

P{x) = T(7rx) ® t{ttx), 

where tt : — >^ F is the orthogonal projection onto F (which is well-defined by the 
assumption on 5) and t{x) is the unit tangent to F at x. 

The reason why Theorem 1.2 is true can heuristically be recognized in a simple 
picture. Figure 4 shows two sections of dO, with a normal line that connects them. By 
the first property above, the stripe tangents are orthogonal to this normal line; by the 
second, this normal line is orthogonal to the two boundary segments, implying that the 
two segments have the same tangent. Therefore the length of the connecting normal line 
is constant, and as it moves it sweeps out a full tubular neighbourhood. 
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Figure 4: If tangent directions propagate normal to themselves, and if in addition the 
boundary is a tangent direction, then the domain is tubular (Theorem 1.2). 

In order to introduce the limit functional, define the space of bounded measure- 
function pairs on 17: 

X := {(//,P) : IX G RM{Q), P G L~ (17, /i; 1^2x2) | ^ (^ 5) 

Here RM{Vt) is the space of Radon measures on Vl. With the definition of /Co(17) in hand 
we now define the limit functional Qq : X ^ M., 

/|divP(x)p(i/i(x) if /i = and P G /Co(f7) 

+00 otherwise 

Here is two-dimensional Lebesgue measure. For the case of = \C^i.VL, P = e(g>e, 
we have Qq{ii,P) = 1/8 / | (Ve) • ep: the functional Qq measures the curvature of stripes. 

1.6 The main result 

The main result of this paper states that Qe converges in the Gamma-convergence sense 
to the functional Qq. We first give the exact statement. 

Theorem 1.3. Let he an open, connected subset ofM? with boundary. 
1. (Compactness) For any sequence e„ 0, let a family {un} C K satisfy 

limsup^e„(n„) < 00. 

Then there exists a subsequence, denoted again En, such that 

ti„ ^ i weakly-* in L°°{^), (1.7) 

:= en|Vn„| /i := ^jC^lO weakly-* in RM{Q,). 

Let Pn{x) G M^^^ be the projection onto the tangent of fin o,t x. Then there exists 
a P ^ fCo{^) such that 

{fj-n, Pn) (/^)-P) strongly in L^, in the sense of Definition 2.8. (1-8) 



8 



2. (Lower bound) For every measure-function pair (/x, P) E X and for every sequence 
{uji} (Z K , En ^ such that 

{en\Vun\, Pn) ^ (a*; -P) Weakly in LP', in the sense of Definition 2.6, 

it holds 

limM g,„{un) > go{n,P). (1.9) 

n— >oo 

3. (Upper bound) Let be a tubular neighbourhood of width 26, with boundary d^l of 
class . Let the sequence — > satisfy 

5/2en G N. (1.10) 

Lf P E /Co(ri), then there exists a sequence {un} C K such that 

Uji ^ weakly-* in L°°(0), 

A*n ■= s^nlV-Unl ■= L Weakly-* in RM(p,). 

As above, let Pn{x) G M^^^ be the projection onto the tangent of o,t x. Then 

{UmPn) (Mj-P) strongly in L? , in the sense of Definition 2.8, 

and 

limsup ^£„('u„) < ^o(/^,-P). (1.11) 

This theorem can be summarized by the statement that Qe„ Gamma-converges to 
Qq, provided satisfies (1.10). The underlying concept of convergence is given by the 
measure-function-pair convergence of the pair (/x„, P„) in combination with the condition 
Un 1/2. 

Remark 1.4. The convergence employed in the liminf inequality (point 2) is weaker 

than then convergence required for the limsup inequality (point 3). This kind of asym- 
metric convergence is also called Mosco-convcrgcncc and was introduced in [22] for bilin- 
ear forms on Hilbert spaces. In general it is not weaker than F-convergence in the strong 
topology; if a strong (asymptotic) compactness property holds, as in point 1, then the 
two notions of Mosco- and F-convergence are equivalent [23, Lemma 2.3.2]. □ 

Remark 1.5. There is an asymmetry in Theorem 1.3 in the conditions on O and e^: 
while the lower bound states no requirements on and £„, the upper bound requires (a) 
that ri is tubular, and (b) that is related to the width of the tube, and (c) that $7 has 
higher regularity (C^). 

Part of this asymmetry is only appearance. The tubular nature of O is actually also 
required in the lower bound, but this requirement is implicit in the condition that }Co{fl) 
is non-empty; put differently, the sequence Q^^(un) can only be bounded if J7 is tubular. 
We comment on this issue, as well as condition (1.10), in the next section. The regularity 
condition on fi, on the other hand, constitutes a real difference between the upper and 
lower bound results. It arises from higher derivatives in the construction of the recovery 
sequence, and this issue is further discussed in Remark 5.6. □ 



9 



1.7 Discussion 



As described above, the aim of this paper is to prove a weak version of the statement 
'stripes are best'. The convergence result of Theorem 1.3 makes this precise. 

The theorem characterizes the behaviour of a sequence of structures u„ for which 
^e„iun) — \^\ = O(e^), or equivalently, Ge^iun) = 0(1). Such structures become stripe- 
hke, in the sense that 

• the interfaces between the sets {n„ = 0} and {un = 1} become increasingly parallel 
to each other, 

• the spacing between the interfaces becomes increasingly uniform, and 

• the limit value of the energy Q^^[un) along the sequence is the squared curvature 
of the limiting stripe pattern. 

The first property corresponds to the statement (1.8) that {fin,Pn) — > (/"i-P) ii^ the 
strong sense, and the third one is contained in the combination of (1.9) and (1.11). The 
second property appears in a weak form in the weak convergence (1.7) of n„ to 1/2, and 
in a stronger form in the statement M^/e — > 1 after Proposition 3.8. 

A slightly different way of describing Theorem 1.3 uses a vague characterization of 
stripe patterns in the plane — see Figure 5. 




a) width variation b) grain boundary c) target and U-turn patterns d) smooth 

directional variation 

Figure 5: Canonical types of stripe variation in two dimensions. 

Theorem 1.3 states that the decay condition ^^^^{un) — \^\ = 0{e'^) excludes all but 
the last type. This can also be recognized from a formal calculation based on (1.3), which 
shows that width variation is penalized by at order 0(1), grain boundaries at order 
0(e), and the target and U-turn patterns at order 0{e^\ loge|). 

If one interprets the figures in Figure 5 not as discrete stripes but as a visualization of 
a line field P that is defined everywhere, then the condition div P £ similarly excludes 
all but the last example. This follows from an explicit (but again formal) calculation, 
which shows that the width variation fails to satisfy P div P = 0, that a grain boundary 
leads to a singularity in div P comparable to a locally finite measure, and that the target 
and U-turn patterns satisfy divP E L*^ for all 1 < g < 2. 

From both points of view — the behaviour of the functional along the sequence and the 
conditions on the limiting line field — only the smooth variation is admissible. However, 
since the target and U-turn patterns only just fail the two tests, it would be interesting to 
explore different rescalings of the functionals in order to allow for limit patterns of this 
type. The main impediment for doing so can be recognized in the discussion following 
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the statement of Proprosition 4.9: if Qe is unbounded as £ — > 0, then the estimate (4.18) 
no longer holds; therefore the proof of strong compactness no longer follows. 

Yet another way of phrasing the result of Theorem 1.3 is as follows: deviation from 
the optimal, straight-and-uniform stripe pattern carries an energy penalty. The combi- 
nation of Theorems 1.2 and 1.3 shows that the same is true for a mismatch in boundary 
behaviour: boundedness of Qs forces the line field to be parallel to dil, resulting in the 
fairly rigid situation that the limit solution set is empty for any other domain than a 
tubular neighbourhood. 

A corollary of Theorem 1.3 is the fact that both stripes and energy density become 
evenly distributed in the limit e ^ 0. This is reminiscent of the uniform energy distri- 
bution result of a related functional in [1]. Note that Theorem 1.3 goes much further, 
by providing a strong characterization of the geometry of the structure. 

One result that we do not prove is a statement that for any fixed s > global 
minimizers themselves are stripe-like, or even tubular. At the moment it is not even 
clear whether such a statement is true. This is related to the condition (1.10), which 
expresses the requirement that an integer number of optimal-width layers fit exactly 
into 17. 

The role of condition (1.10) is most simply described by taking O to be a square, 
two-dimensional fiat torus of size L. If L is an integer multiple of 2e, then there ex- 
ist structures — parallel, straight stripes — with zero energy Q^. This can be recognized 
in (1.3), where all terms on the right-hand side vanish. If L is such that no straight- 
stripe patterns with optimal width exist, however, then C/g is necessarily positive. In this 
case we can not exclude that a wavy-stripe structure (reminiscent of the wriggled stripes 
of of [34]) has lower energy, since by slightly modulating the stripes the average width 
(given by in (1.3)) may be closer to e, at the expense of introducing a curvature term 

The introduction of projections, or line fields, for the representation of stripe patterns 
seems to be novel, even though they are commonly used in the modelling of liquid 
crystals (going back to De Gennes [10]). Ercolani et al. [11], for instance, discuss the sign 
mismatch that happens at a U-turn pattern, and approach this mismatch by replacing the 
domain by a two-leaf Riemann surface. Using line fields appears to have the advantage 
of avoiding such mathematical contraptions, and staying closer to the physical reality. 

1.8 Plan of the paper 

In Section 2 we recall the basic definitions and properties concerning Mass Transport, 
and we introduce line fields and measure-function pairs with the related notions of con- 
vergence. In Section 3 we prove that sequences with bounded energy are relatively 
compact with respect to the weak convergence for measure-function pairs and we prove 
the liminf inequality of with respect to weak convergence (Theorem 1.3, part 2). The 
main tool is the estimate in Proposition 3.8, obtained in [29]. In Section 4 we prove com- 
pactness with respect to the strong convergence for measure-function pairs (Theorem 1.3, 
part 1). In Section 5 we construct explicitly a recovery sequence satisfying the limsup 
inequality for (Theorem 1.3, part 3), by using the characterization of /Co obtained in 
[32]. 
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1.9 Summciry of notation 





energy functional 


(1.1) 




rescaled functional 


(1.4) 


K 


domain of 5^ 


(1.2) 




limit functional 


(1.6) 


X 


space of limit pairs (/i, P) 


(1.5) 




domain of Qq 


Def. 1.1 




Monge-Kantorovich distance 


Def. 2.1 




90° counter-clockwise rotation of the vector e 




X 


space of measure-projection pairs (/i, P) 


(1.5) 


RM{Vt) 


space of Radon measures on Q, 




£" 


n-dimensional Lebesgue measure 




Lipi(M2) 


set of Lipschitz continuous functions 






with Lipschitz constant at most 1 




T,f 


transport set and set of endpoints of rays 


Def. 2.4 




graph measures 


Def. 2.10 




one-dimensional Hausdorff measure 




d*A 


essential boundary of the set A 


[3, Chapter 3.5] 


E 


{,s : 7(5) lies inside a transport ray} 


Def. 3.2 


9{s) 


ray direction in 7(5) 


Def. 3.2 


e+{s)j-{s),i+is) 


positive, negative and effective 






ray length in 7(3) 


Def. 3.2 


a(s),B(s) 


direction of ray and 






difference to tangent at 7(3) 


Def. 3.4 


m(.s, •) 


mass coordinates 


Def. 3.5 


t(s,-) 


length coordinates 


(3.15) 


M{s) 


mass over 7(5) 


Def. 3.5 


Ei, 9i, 


corresponding quantities for a 




£+ Z+ 


collection {7j} 


Rem. 3.3 


ai,/3i,mi,tj,Mi 








corresponding quantities for a 




/+ 

^e,j' ^e,ii ''e,i 


collection {7e,i} 


Rem. 3.3 


(^e,it f^s,it m£,i) ^e,it -^e,i 
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2 Preliminaries and preparation 
2.1 The Mciss Transport Problem 

In this section we introduce some basic definitions and concepts and we mention some 
results that we use later. 

Definition 2.1. Let u,v ^ L}{^) satisfy the mass balance 

/ u{x)dx= I v{x)dx. (2-1) 
Jci Jn 
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The Monge-Kantorovich distance d\{u,v) is defined as 

d\{u,v) := min / \x — y\d'y{x,y) (2-2) 

where the minimum is taken over all Radon measures 7 on x with marginals uC^ 
and vC"^, i.e. such that 

/ ^{x)d-i{x,y) = f <pudC^ (2.3) 

f ^{y)dj{x,y) = f ^vd£^ (2.4) 
JQxQ JQ 

for all (f,^ e Cc{n). □ 

There is a vast literature on the optimal mass transportation problem and an im- 
pressive number of applications, see for example [12, 36, 6, 2, 39, 18, 27]. We only list a 
few results which wc will use later. 

Theorem 2.2 ([6, 14]). Let u,v be given as in Definition 2.1. 

1. There exists an optimal transport plan 7 in (2.2). 

2. The optimal plan 7 can he parametrized in terms of a Borel measurable optimal 
transport map 5 : O — fi, in the following way: for every C, G Cc{^ x Jl) 

/ Cix,y)d'y{x,y) = / C{x, S{x))u{x) dx, 
JnxQ Jn 

or equivalently, j = (id x S)^uC'^. In terms of S, 

di{u,v) = / \S{x) — x\u{x) dx. 
Jn 

3. We have the dual formulation 

di('U, f) = sup < / ^{x){u — v){x)dx : (f) & IjV^'^{^) > , (2.5) 



Q. 

where Lip^^ ip) denotes the set of Lipschitz functions on fl with Lipschitz constant 
not larger than 1. 

4- There exists an optimal Kantorovich potential (p G Lip;^(0) which achieves opti- 
mality in (2.5). 

5. Every optimal transport map S and every optimal Kantorovich potential 4> satisfy 
(f){x) — (f){S{x)) = \x — S{x)\ for almost all X E supp{u) . (2-6) 

The optimal transport map and the optimal Kantorovich potential are in general not 
unique. We can choose S and enjoying some additional properties. 
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Lemma 2.3 ([6, 14]). There exists an optimal transport map S G A{u,v) and an optimal 
Kantorovich potential (p such that 

(p{x) = mill {(p{y) + \x — y\) for any x G supp(«), (2-7) 
yesupp{v) 

(/){y) = max {4>{x) — \x — y\) for any y G supp(i;), (2-8) 

x£supp(n) 

and such that S is the unique monotone transport map in the sense of [14], 

~ + + XI / X2 G with 5(xi) / S(x2). 



\x\-x2\ \S{xx) - S{X2)\ 

We will extensively use the fact that by (2.6) the optimal transport is organized along 
transport rays which are defined as follows. 

Definition 2.4. [6] Let u,v he as in Definition 2.1 and let (f) G Lipi(J7) be the optimal 
transport map as in Lemma 2.3. A transport ray is a line segment in Q, with endpoints 
a, 6 G ri such that cf) has unit slope on that segment and a, b are maximal, that is 

a G supp('u), b G supp('u), a ^ b, 
(t){a) - (t){b) = \a-b\ 
|0(a + t{a - b)) - ^{b)\ < \a + t{a - b) - b\ for all t > 0, 
|0(6 + t(6-a))-0(a)| < \b + t{b-a)-a\ for alH > 0. 

We define the transport set T to consist of all points which lie in the (relative) interior 
of some transport ray and 6 to be the set of all endpoints of rays. □ 

Some important properties of transport rays are given in the next proposition. 

Lemma 2.5 ([6]). Let £ be as in Definition 2.4- 

1. Two rays can only intersect in a common endpoint. 

2. The endpoints £ form a Borel set of Lebesgue measure zero. 

3. If z lies in the interior of a ray with endpoints a G supp('u),6 G supp(i') then 4> is 
differentiable in z with V(fi{z) = [a — b)/\a — b\. 

In Section 3 we will use the transport rays to parametrize the support of u and to 
compute the Monge-Kantorovich distance between u and v. 



2.2 Line fields 

As explained in the introduction, we will capture the directionality of an admissible 
function u e K in terms of a projection on the boundary Osuppw. By the structure 
theorem on functions of bounded variation (e.g. [13, Section 5.1]), \Vu\ is a Radon 
measure on Q, and supp|Vm| coincides with the essential boundary T := 3*suppn of 
suppw up to a ^-negligible set. (Recall that the essential boundary is the set of 
points with Lebesgue density strictly between and 1; ^ is one-dimensional Hausdorff 
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measure). There exists a |Vtt| -measurable function u : M.^ ^ such that the vector- 
valued measure Vu satisfies Vu = z^|V«|, at |Vn|-almost every x e We then set 

P{x) := z^(x)"'" for |Vu|-a.e. x. 

In this way, we define a line field P{x) G M^^^ for ^-a.e. a; G T (or, equivalently, for 
|VM|-a.e. X G Q). 

Note that since u is |VM|-measurable, and P is a continuous function of v, P is also 
|Vu|-measurable. As a projection it is uniformly bounded, and therefore 

P G L°°(r,^^M2^2). (2.9) 

Moreover, by construction, for J^^-a.e. a; G F, P satisfies 

P'^{x) = P{x), (2.10a) 
\P{x)\^ = J2\PiM' = ^^ (2-lOb) 

rank(P(x)) = 1, (2.10c) 
P{x) is symmetric. (2.10d) 

2.3 Measure-function pairs 

As we consider a sequence {un} C K, the set r„ := d*supp Un depends on n, and 
therefore the line fields P„ are defined on different sets. For this reason we use the 
concept of measure-function pairs [16, 24, 4]. Given a sequence {un} G K we consider 
the pair (^fiji , Pfi ) , where 

'■= £n|Vnn| G PM(M^) are Radon measures supported on F„, 
Pn G L°°(/x„;R^^^) are the line fields tangent to F„. 

We introduce two notions of convergence for these measure- function pairs. Below n G N 
is a natural number, not necessarily related to the dimension of M^. 

Definition 2.6. (Weak convergence). Fix p G [0,oo). Let {i^n} C PM(M^) converge 
weakly-* to /x G RM(M?), let Vn e LP(/x„;M"), and let v G LP{fi-W). We say that a 
pair of functions {fJ-njVn) converges weakly in LP to {lJ-,v), and write {fJ-n^'^n) ~^ (a*)"")) 
whenever 

i) sup / \Vn{x)f dUnix) < -^OO, 

ii) lim / Vn{x) ■ rj{x) dnn{x) = / v{x) ■ ri{x) dfi{x), ^ rj e C^{R'^;W). 

Jr2 Jk2 

□ 

Remark 2.7. There is a form of weak compactness: any sequence satisfying condition 
i) above, and for which is tight, has a subsequence that converges weakly [16]. □ 

Definition 2.8. (Strong convergence). Under the same conditions, we say that (/Xm^n) 
converges strongly in LP to (fJ-jv), and write {f^n,Vn) {fJ-jv), if 
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i) (nn, Vn) (y^, v) in the sense of Definition 2.6, 

ii) lim / \vn{x)\^ dfinix) = / \v{x)\^ diJ,{x). 

□ 

Remark 2.9. It may be useful to compare the last definition with the definition, intro- 
duced by Hutchinson in [16], of weak-* convergence of the associated graph measures. 

In the following let {(/^n, Pn)}, (Mj -P) be measure-function pairs over with values 
in M", such that /x„ ^ /x. 

Definition 2.10. [16] The graph measure associated with the measure-function pair 
(/X, P) is defined by 

\}i,P] := {id X P)#// G RM{R^ x R'^''^), 
and the related notion of convergence is the weak-* convergence in RM{M? x R^^^). □ 

Let {un} C K and let {{l^n:Pn)} be the associated measure-function pairs, as in 
Subsections 2.2 and 2.3, so that |Pn| = 1 and supp(;U„) is contained in a compact subset 
of M^. Assume that /i„ ^ ^ G RMiR'^). Then, by [4, Th. 5.4.4, (iii)] and [16, Prop. 
4.4.1-(ii) and Th. 4.4.2-(iii)], 'strong' convergence in the sense of Definition 2.8 and 
convergence of the graphs are equivalent. Under these assumptions these concepts are 
also equivalent to F-strong convergence [16, Def. 4.2.2] in the case F{x,P) := jPj^. □ 

We conclude with a result for weak-strong convergence for measure-function pairs 
which shows a similar behaviour as in LP spaces: 

Theorem 2.11 ([24]). Let fin,l^ G RM{M:^), let Pn,Hn G L'^il^n) and P,H e L'^in). 
Suppose that 

{UniPn) (M)-f) strongly in the sense of Definition 2.8 

and 

{fin,Hn) ifJ-jH) weakly in the sense of Definition 2.6. 
Then, for the product Pn ■ Hn G L^{iJ,n) we have 

(Hn, Pn ■ Hn) ^ (//, P • H) weakly in the sense of Definition 2.6. 



3 Proofs of weak compactness and lower bound 

Although the statement of Theorem 1.3 refers explicitly to sequences e„ 0, we shall 
alleviate notation in the rest of the paper and consistently write e instead of e„, and Ug, 
and Pe, instead of their counterparts and P„; and when possible, we will even 

drop the index e. 
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3.1 Overview 



In this section, Section 3, we show that if Gs{ue) is bounded independently of e, then we 
can choose a subsequence along which the function and the measure-projection pairs 
{lXe,Pe) converge weakly. Recall that this pair is defined by (see Section 2.2) 

/X£:=£|Vu£| and - ^ 



s — I 1 I 1 • 

A corollary of this convergence is the lower bound (1.9). The results of this Section 3 
thus provide the first half of part 1 and the whole of part 2 of Theorem 1.3. 

The argument starts by using the parametrization by rays that was mentioned in 
the introduction to bound certain geometric quantities in terms of the energy Qe{ue) 
(Proposition 3.8). Using this inequality we then prove that (Lemma 3.13) 

Ue^^ inL°°(Q) and ■= eWus\ ^ ■.= ^C'^i-^ iiiRM{^^). 

This result should be seen as a form of equidistribution: both the stripes and the inter- 
faces separating the stripes become uniformly spaced in 17. 

From the L°°-boundedness of it follows (Lemma 3.13) that along a subsequence 

{He,Pe) ifJ-, P) in I^, for all 1 < p < oo, 

and therefore A\Y{PeiJLe) converges in the sense of distributions on R^. In Lemmas 3.15 
and 3.16 we use the estimate of Proposition 3.8 to show that the limit of div(P£)U£) equals 
a function —H G L^(M^;M^) supported on Q,, i.e. that 



°(M2;]R2) 



lim / Pe{x) : Vry(x) diJL^{x) = - H{x) ■ ri{x) dx, r] ^ C\ 

Prom this weak convergence we then deduce in Lemma 3.16 the lower bound 

1 /" 2 

liminf Q£{us) ^ - |divP(x)| dx. 

Por the proof of part 1 of Theorem 1.3 it remains to prove that {fi^, P^) converges strongly; 
this is done in Section 4. 



3.2 Regulcirization of the interfaces 

Before we set out we first show that we can restrict ourselves to a class of more regular 
functions. 

Lemma 3.1. It is sufficient to prove parts 1 and 2 of Theorem 1.3 under the additional 
assumption that is parametrizahle as a finite family of simple, smooth curves 

le,j ■[^,Le,j\^^, J = 1, ■■■,-/£, 

for some G N, with L^j < 1 for all e,j and 

7£j((0,L,,,))n7£4(0,L,,0) =0 if i^j- 
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Moreover, there exists a permutation on the numbers {1,... ,Je} such that for all 

j = l,...,Je, 

7e,j{Le,j) = 7e,a,{j){0) and l'e,j{L~j) =%^^^(^j){0'^). (3.1) 

Proof. Let u £ K he fixed for tlic moment. Since supptt has finite perimeter, by standard 
approximation results (see [13, Sect. 5.2] or [3, Theorem 3.42]) there exists a sequence 
{Ek} of open subsets of with smooth boundary such that the characteristic functions 
Uk ■= XEfc satisfy 

Uk ^ u strongly in L^{^)., 

a) Vuk ^ Vu weakly-* in RM{Q.), (3.2) 

Hi) \Vuk\{n) ^\Vu\{Vl). 

By a small dilation we can furthermore adjust the total mass so that j-^^ Uk = |^|/2. By 
the L^-continuity of the metric d we obtain that for fixed e > 

^e{uk) — '^e{u) as A; — oo. 

Along this sequence, the corresponding measure-function pair {iJ,k,Pk) converges 
strongly. Indeed, writing i/^ = dVuk/d\Vuk\ and u = dVu/d\Vu\, the Reshetnyak 
Continuity Theorem (see [3, Th. 2.39]) implies that 

lim / f{x,i^k{x))d\Vuk\{x)= [ f{x,i^{x))d\Vu\{x), (3.3) 

for every continuous and bounded function f : fix ^ M.. Therefore, since P = z/-*- (g) i^-*- 
and Pjfc = f ^ (8) i'^, 

lim / (p{x) : Pk{x) dfik{x) = / (p{x) : P{x) dfi{x), (3.4) 

for every cp G C^{n;R'^''^), and 

lim / \Pk{x)\^ dfjikix) = [ \P{x)\^dfi{x). (3.5) 

We turn now to part 1 of Theorem 1.3. Let us assume that Theorem 1.3.1 holds 
under the additional assumption of Lemma 3.1. Let {un} G K, and by Remark 2.7 we 
can assume that the related sequence of measure-projection pairs satisfies 

{UniPn) (M)-P) in the sense of Definition 2.6. (3.6) 

We want to prove that, after extraction of a subsequence, 

{UniPn) (M)-f) ™ the sense of Definition 2.8. (3.7) 

Recall that the strong convergence of a sequence {{nkiPk)} of measure-function pairs is 
equivalent to the weak-* convergence of the graph measures [iXk^Pk] £ RM{^ x M^^^) 
(see Remark 2.9 above and Section 4.2 below), by (3.2), (3.4), and (3.5). 



18 



Let c? be a metric on i?M(M^ x M^^^), inducing the weak-* convergence on bounded 
sets and such that 



ip{x) : P{x) dii{x) 



(p{x) : Q{x) di'{x) 



<CMc.d{[ii,P],[,^,Q]), (3.8) 



for all (f G (M^; M^^^) (see e.g. [41, Def. 2.1.3]). By the arguments above, we can 
find a bounded set U such that for every n G N there exists an open set En CC U, with 
smooth boundary, such that the characteristic function Un '■= Xe„ associated jln 

and Pn satisfy 



d{[p,n,Pn], \pn,Pn]) < -, 



n 



\Pn{x)f djln{x) - / \Pn{x)f dfinia 



< 



n 



(3.9) 
(3.10) 



Owing to Theorem 1.3.1 there exists a couple {il,P) and a subsequence, still denoted 
{un}, such that {jln-,Pn) (A) -f) strongly, in the sense of Definition 2.8. On the other 
hand, {fin,Pn) ^ (m,^), since for any 99 G ^^(M^; M^^^)^ 



/ V? : Pn djin - / (f : Pdjj. 



< 



(p : Pn dfln - ■ Pn dfin 

+ I (fi : Pn dun - / (fi ■■ Pdfi 



and the first converges to zero by (3.9), and the second by (3.6). Therefore {fi,P) 
{lJL,P). In addition, 



I Pn I dfln 



\P?dii 



< 



I Pn I dl^n 



\Pn\^dflr, 



+ 



\Pn\'^dfln- f \Pfdfi 



Passing to the limit as n ^ 00, by (3.9) and (3.10) we obtain (3.7). 

For part 2 of Theorem 1.3 the argument is similar, but simpler, and we omit it. 
The existence of the permutation follows by cutting the smooth boundary of En into 
sections of length no more than 1. □ 



3.3 Parametrization by rays, mass coordinates, and a fundamental es- 
timate 

The central estimate (3.18) below is derived in [29] in a very similar case. It follows 
from an explicit expression of the Monge-Kantorovich distance d{u, 1 — u) obtained by a 
convenient parametrization of the domain in terms of the transport rays. Here we recall 
the basic definitions and we state the main result, Proposition 3.8, referring to [29] for 
further details and proofs. 

Let (p £ Lip^(M^) be an optimal Kantorovich potential for the mass transport from 
■u to 1 — M as in Lemma 2.3, with T being the set of transport rays as in Definition 2.4. 
Recall that (f) is differentiable, with jV^j = 1, in the relative interior of any ray. We 
define several quantities that relate the structure of the support of u to the optimal 
Kantorovich potential (j). Finally we define a parametrization of il. 
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Definition 3.2. For 7 G T, defined on the set [0, L], we define 

1) a set £^ of interface points that he in the relative interior of a ray, 

E:={se[0,L]:j{s)eT}, 

2) a direction field 

9:E^S\ ^(s) := V0(7(s)), 

3) the positive and negative total ray length i'^,£~ : E ^R, 

£+{s) := sup{t > : cP{j{s) + t6{s)) (^(7(5)) = t}, (3.11) 
r (s) := mf{t < : (j){jis) + - 0(7(5)) = t}, (3.12) 

4) the effective positive ray length l'^ : E ^R, 

l^is) := sup{t > : 7(5) + t6'(s) G Int(supp(ti)) for all < r < t} 
(with the convention l~^{s) = if the set above is empty). 

□ 

Remark 3.3. All objects defined above are properties of 7 even if we do not denote 
this dependence explicitly. When dealing with a collection of curves {7^ : j = 1, . . . , J} 
or {7£j : £ > 0,j = 1,...,J^}, then Ej, O^j etc. refer to the objects defined for the 
corresponding curves. □ 



Definition 3.4. Define two functions a, P : E ^ (R mod 27r) by requiring that 



□ 



In the following computations it will often be more convenient to employ mass coor- 
dinates instead of length coordinates: 

Definition 3.5. For 7 G F and s e E we define a map : E ^ R and a map 

M : ^ R by 

m(.,i):=| if^+(.)>0, 

^ ^ I otherwise. ^ ^ 

M{s) :=m{sj+{s)). (3.14) 

□ 

Introducing the inverse of m we can formulate a change of variables between length 
and mass coordinates: 
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7(s) - tOis) ^(s) 












u = 


u = 1 

r 



J 



u = 



u = l 



Figure 6: Mass coordinates. In the picture, a bending of the interface 7 produces a 
stretching (t y ti) of the transport ray in {u = 1} and a shrinking (t \ ^2) in {u = 0}. 
m(s,ii) represents the amount of mass lying on the segment stretching from 7(5) to 
7(5) +ti9{s), accounting for the change of density due to the stretching. The dimensions 
are exaggerated for clarity. 



Proposition 3.6 ([29]). The map m{s,-) is strictly monotonic on {£~ (s) , (s)) with 
inverse 

sin/3(s) 



t(s, m) :- 



a'{s) 



2a'{s) 

1 — I 1 9 — tt'^ 

sin^/3(s) 



(3.15) 



Going back to the full set of curves T = {7^} we have the following parameterization 
result: 



Proposition 3.7. Let T be given as in Lemma 3.1. For any g £ L^{^}) we have 

'0 Jo 



/ g{x)u(^x)dx = / / g{'yj{s) + tj{s,m)6j{s)) dmds, (3.16) 

/g{x){l — u{x))dx = / / g{^j{s) + tj{s,m)9j{s))dmds. 



With this parametrization, the distance d{u, 1 — u) takes a particularly simple form: 

d{u, 1 — u) = / / [ij{s,m) — tj{s,m — Mj(s))] dmds. 
~^ Jo Jo 



From the positivity property m tj{s, m) > we therefore find the estimate 



/ / ^ 

j Jo Jo 

Finally we can state the fundamental estimate: 



■J yS, m) dm ds. 



(3.17) 
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Proposition 3.8 ([29]). Under the conditions provided by Lemma 3.1 we have the lower 
hound 



Ge{u) >J2[ 



1 ( ^ A /Af,(,s)y 1 fM.js) 

£2 \smPj{s) J \ e J e 



£ds+ 



+ E r i ^i'] X o^'isfeds. (3.18) 



The inequality (3.18) should be interpreted as follows. Along a sequence {u^} with 
bounded energy ^e(«e), the three terms of the right hand side tell us that: 

1. sin/Jg 1, which implies that as £ — > the transport rays tend to be orthogonal 
to the curve 7^; 

2. Mg/e — > 1, forcing the length of the transport rays, expressed in mass coordinates, 
to be ^ e; 

3. (q:^)2 is bounded in L^, except on a set which tends to zero in measure, by point 2. 
3.4 Regular izat ion of the curves 

We have a Lipschitz bound for a on sets on which M(-) is bounded from below. 

Proposition 3.9 ([29]). Let G F. For all < A < 1 the function a is Lipschitz 
continuous on the set 

(3.19) 



and 



and 

K(^)l^ g(l^;,) ' fora.e.seAl 
Remark 3.10. Note that 

1 < for a.e. s e A^, (3.20) 

£(1 — A) ■' 

1 < ^1 _ MM^ 1 for a.e. seEj\ Aj. (3.21) 

□ 

This proposition provides a Lipschitz bound on a subset of E. In the following 
computations it will be more convenient to approximate the curves F by a more regular 
family, in order to have \a'\ bounded almost everywhere. 

Definition 3.11. (Modified curves) Let G F and < A < 1. Let A^ be as in (3.19), 
choose a Lipschitz continuous function aj : [0, Lj] R mod 2-k such that 

aj = aj on A^, (3.22) 
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< ^(Y^ VsG[0,L,] (3.23) 

and, according to (3.1), 

<0)(0)- (3.24) 

Set 

d^=\ . J \ , =\ ^ , so that —Qf = a'£j. (3.25) 

■' \ sina^ J ■' \ —cos aj J ds ■' ■' 

We define 7j to be the curve in which satisfies 

7,(0) = 7.(0), (3.26) 
j'.{s) = ef{s) for alls G [0,Lj]. (3.27) 

Let r, fx, P be (respectively) the correspondingly modified curves, rescaled measures on 
curves, projections on tangent planes. By construction we have 

pms)) = ~ef{s)® ~ef{s). (3.28) 

□ 

Remark 3.12. As in [29, Remark 7.2, Remark 7.19] 

• Both 7j and 7, are defined on the same interval [0, Lj]; 

• Both 7j and 7, are parametrized by arclength, \^'-\ = \'^'-\ = 1; 

• Note that although a modified Ue would not make sense, because an open curve 
cannot be the boundary of any set, we still can define the rescaled measures jl^ as 

ile{B) := eJ^^{B D f^), for all Borel measurable sets B C M^; (3.29) 



The curves jj need not be confined to il; however, we show in the next section 

□ 



that as £ ^ 0, /ig ^ = i^C^Lfi. 



3.5 WeaJc compactness and the lower bound 

In this section we show that if Ue is an energy-bounded sequence, then the quantities 

Us, /Ue, {^sjPe)i well as their regularizations, are weakly compact in the appropriate 
spaces (Lemmas 3.13 and 3.15). This provides part of the proof of part 1 of Theorem 1.3. 
The weak convergence also allows us to deduce the lower bound estimate (Lemma 3.16), 
which proves part 2 of Theorem 1.3. 

Lemma 3.13. Define jJL := ^€"^1.0. G RM{R^). Let the sequence {us} he such that 

sup^e(n£) := A < 00. 
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After extracting a subsequence, we have the following. As e ^ 0, 



Up 



weakly in U'ip) for all 1 < p < oo, 



Us ^ ji weakly-* in RM{^). 



(3.30) 
(3.31) 



Denoting by 'j and fi^ the modified curves and measures (see Definition 3.11), there exists 
a constant C(A,A) > such that 



and 



We have 



E r"|7;,(s)-7;,(s)|ci5<C(A,A), 



sup \%^{s) - i,,^{s)\ds < £V2c(A, A). 
j Jo 



fls fJ- weakly-* in i2M(M^). 
There exists P G L~(]R2; ]r2x2^^ ^-^j^ supp{P) C O such that 



(3.32) 

(3.33) 
(3.34) 

(3.35) 
(3.36) 



as £ — > 0, in the sense of the weak convergence in for function-measure pairs of 
Definition 2. 6, for every 1 < p < oo . 



Remark 3.14. Let {ue} C K, than {ne} and {fte} are tight and thus relatively compact 
in RM{m?) (see e.g. [4, Th. 5.1.3]). □ 

Proof of (3.30), (3.31). Let g G Cl{^^). By (3.16) (again we drop the subscript e) 
we have 

I g{x)u{x) dx = / / g[yj{s) -\- tj{s,m)9j{s)j dmeds 

,. JO Jo 



E 



Lj rMj{s) 



JO 



9hM) + ^9hj{s) + Cj{s,m)9j{s))) ■ 9j{s) 



dmeds, 



for some < (j{s,m) < tj{s,m). Therefore 



[ gix)u{x) dx-S^ f Mj{s)g{jj{s)) ds 

7m2 Jo 



^ fLj l-Mjis) (3.17) 

^\\^9\LT.J^ I tjis,m)dmeds < \\Vg\\^di{u,l 



u 



<4^9\L'^e{n). 
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For / g{l — u) a similar estimate holds. Also, 



MJs) 



1 9{7j{s))£ds 



Therefore, to prove (3.30) we estimate 

g{x)u{x) dx — - 1 g{x) dx 



1/2 



1 

< - 

- 2 



1 

+ 2 



g{x)u{x) dx Mjis)9{ljis)) ds 

■ Jo 

[ ' ^M9{ljis)) ds - [ g{x){l - u{x)) dx 

~^ Jo 



<4^9\L^e{u). 

Since the assumptions on ge{u) imply that ^e{u) is bounded, this converges to zero 
as e — > 0, which proves (3.30) for smooth functions g. For general g G LP (E?) we 
approximate by smooth functions and use the boundedness of in LP(M?). 
To prove (3.31) we remark that 



/ 9dl^e- I 9dfi < / gdn, 

7m2 Jr2 J^2 



gu 









+ 


Jr2 ^ J 


12 ^ 



< 



Yl I ' 9{lj{^))eds-Y, I ' Mj{s)g{^j{s)) ds 
I ' ^^ois)9(jj{s)) ds- f gu 

~^ Jo ^M2 



+ l|V5|L^=^.(«) 



< e\\g\\oo^siu)^/^geiu)^^^ + 2e||V5|L^.(n). 

Again we conclude by this estimate for smooth functions g, and extend the result to any 
g G C°(M^) by using the tightness of /j.^ and the uniform boundedness of /[/^(M^). 

Proof of (3.32) and (3.33). (As in [29], with the appropriate substitutions of e) 
Suppressing the indexes e, j', we compute that 

pL f'L fL 

\l'{s)-7'{s)\ds< / |7'(s) -7'(s)|x{M>i-A}C?«+ / IfC^) - 7'(s)| X{M<i_a} ^^s- 

(3.37) 
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Recall that if s e (defined in (3.19)), then by (3.22) and (3.27) we have 

f (s) = e^{s) = e^{s). (3.38) 
By definition of /3 it follows that for all s 



and 



\y{s)-^'{s)\<\^'{s)\ + \^\s)\=2. 
Collecting (3.38), (3.39), (3.40) and (3.20), (3.21), we can estimate (3.37) as 



(3.39) 
(3.40) 



Jj^'{s)-^'{s)\ds<V2j^ |l-sin/?(s)|V2j^M_rf^ + ^ 2(1 



M(s)Y 1 



< 



< 



2L 



{l-X)\Jo sin/3(s) 



Since Lj < 1 for all j, we obtain (3.33). Turning to (3.32), we repeat the same estimate 
while taking all curves together, to find 

Y.['\%^') - < (i^(^E^^y^'^^(")'^' + i^^N- (3-41) 

This proves (3.32). 

Proof of (3.34). We have to prove that 

/ g{x)djle{x)^ I g{x)dfiix), V5 G ^^(M'). 

We deduce from (3.33) using 

|7,-(^) - ljis)\ < - 7,(0)1 + /' ll'jicr) - 7i(a)| da < \%{a) - 7j(a)| da, 

Jq Jo 



the estimate 



E r '^^'^"^ " ^^'^"^l - ^'^'C'(A, A)5]l,- < e'/'C,{X,A). (3.42) 



Combining this with the calculation 



/ gdjle- 9 dne 



< 



E / diljis)) eds-Y^ [ g{-yj{s)) eds 
■ Jo ^ Jo 

IIV5II00E / 'l7j(s)-7j(s)|£rfs, 
, Jo 



26 



we find 



gdfis- g dji, 



<||V5||ooe'/'Ci(A,A). 



□ 

Proof of (3.35) and (3.36). As a norm for the projections we adopt the Frobenius 
norm: 

1/2 



1^1 - ( Y. 4)- 



Let p > 1, since \P^\ = 1 for every e, by compactness in RM{D,) [4, Theorem 5.4.4] or 
[24, Theorem 3.1] and (3.31), we obtain the existence of a Umit point P G M^^^), 
such that 

{fisjPe) ~^ (PjP) weakly in the sense of Dcf. 2.6 on Q. 
In the same way, owing to (3.34), there exists a P G L°°(M^; M^^^) such that 

(/Xe, Pe) (/X, P), weakly in the sense of Def. 2.6 on R^. 

For every rj G Cc(R^;M^) we have 



M2 



M2 



eds 



■ Jo 



eds, 



and we can estimate 



and 



I (P,(7.j) - Pe{%,j)) = ■ ri{%,j)h'e,j - {I'ej ' VilejHj) 

< ^V\\oc\le,j-l'e,j\- 

Therefore, using estimates (3.33) and (3.42), there exists a constant C2(A, A) such that 
/ Pen dpi, - f P,r?dA. <£'/'C2(A,A)||r?|bi(n), Vr/ G Ci(R^R2), 



and we conclude that P = P. 
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Lemma 3.15. Let s > 0, ^ K , /j.^ = £\Vue\ and a^, . . . as in (3.22)-(3.29). Then, 
for aZZ < A < 1 and for all 77 G (M^; M^), we have 



2e ^ . 

+ ^a.(u.)||Vr7|U. (3.43) 
Proof. We again suppress the subscripts e for clarity. Write 



.7=1 .7=1 



and we rewrite this using (3.25) as 







+ ej^[ef-v{^i)\\ (3.44) 



Now we separately estimate the three parts of this expression. 

Estimate I. Observe that as s G (defined in (3.19)), by (3.22) we have |aj(s) 
|aj(s)|. Therefore, using (3.20), and taking a single curve 7^ to start with, 

f-Lj _ i-Lj / ]\/[.(g\ \2 



Now, re-doing this estimate while summing over all the curves, we find by Proposition 3.8 
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Estimate II. Observe that as s G R/A^, by (3.23) and (3.21), 



< 



2e 



A2(l - A) 



and summing as before we find 

r-L, 



2s 



^<i-a}"^^^ A2(l-A) 



Estimate III. Write the last term in (3.44) as 

By Definition 3.11, 7j(0) = 7j(0) for every j, and using (3.1) and (3.24) we find 

and therefore 



We estimate the difference in the right-hand side by 
Using 

IjiLj) - lj{Lj) = 7,(0) - 7i(0) + / ' [7^^) - 7^^)] 

Jo 

by estimate (3.41) we find 



□ 



Define the divergence of a matrix P = {Pij) as (divP)i := Ylij^xjPij- 

Lemma 3.16. Let the sequence {u^} G K be such that Ge{ue) is bounded, and let (yu, P) 
be a weak limit for {/jL^jPe), with ji = ^C'^\St, as in (3.35). Extend P by zero outside 
ofn. Then 
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1. divP G L 



2/'TCp2.-|n,2\ 



2. liminf Qe{ue) >- j I divP(x)|^dx. 



Proof. Note that by Lemma 3.13 the pair (/i,-P) is also the weak hmit of {fle^Pe). By 
Lemma 3.15 we have for ah A G (0, 1) and for all r] G Cc(M^;M^), 

1 
2 



lim 



< liminf 



P{x) : Vr/(x) dfj,{x) 

Pe{x) : Vr]{x) djie{x) 



l??llL2(n) liminf ^^(ue)^/^. 



(1-A)2 

This implies that the divergence of P, in the sense of distributions on R^, is an 
function; by taking the limit A — > the inequality in part 2 of the Lemma follows. □ 



4 Strong convergence 

4.1 An estimate for the tangents 

In this section we use the nonintersection property of Ssuppn^ and the inequality in 
Proposition 3.8 to obtain the crucial bound on the orthogonal projections P^. The nota- 
tion is rather involved, because we are dealing with a system of curves and Proposition 3.8 
provides a bound only on the L^-norms of q^, which approximate, as e — > 0, the curvature 
of (a smooth approximation of) dsuppu^. The underlying idea is that if the tangent 
lines to two nonintersecting curves are far from parallel, then either the supports of the 
curves are distant (Fig. 7a) or curvature is large (Fig. 7b). In Proposition 4.2, which 





a) b) 

Figure 7: Curves with distant tangent lines. 



expresses this property, we also include a parameter i > 0, representing the length of 
curve on each side of the tangency point that is taken into account. This parameter will 
be optimized later in the argument. 

We make use of a family of approximations {7e}, similar to the one in Definition 3.11. 
The approximation is different because in this Section, instead of dividing closed curves 
into curves with bounded length, we directly exploit the periodicity of the curves in F^. 
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Definition 4.1. We reparametrize (see Lemma 3.1) as a finite and disjoint family of 
closed, simple, smooth curves 

j,j:R/[0,L,j]^n, j = l,...J„ 

for some G N. Note that Lgj may not be bounded, as e ^ 0, and 7ej is L^j-periodic. 

Let Oie.j, 6e,j be the functions defined in Def. 3.11. According to the new parametriza- 
tion of 7, property (3.24) entails that is Lgj-periodic. We define to be the curve 
which satisfies 

7e,i(0) = 7ej(0), 

= 9^^^{s) foran.G[0,L,,,]. 



Note that %j is not L^j-periodic, since it may take different values in s = and in 



s = Lgj, nonetheless, by definition, 7' ■ is Lej-periodic. □ 



Proposition 4.2. Let^e,i, 7e,2 be two curves as in Section 2, and let Pe, jej, ae,j, Pej, L^j, 
j = 1,2, be the related quantities as in Sect. 2 and Def. J^.l. There exists a constant 
C > such that Ve > 0, Vsi, S2 G and V£ > 0, it holds: 

\Pe{le,l{si)) - Pe{le,2{^2))\ < j\le,l{si) - 7e,2{^2)\ + 



, ,r, .1/2' 



j=l,2 

+lmin|£^j7;,(^) -7;,(5)|d^ , 2 j^^" \%^{s) - i,^^{s)\da'^ + \tAs)-^',^^{s)\^ 

Proof. For sake of notation, we drop the index e throughout this whole section. First 
of all, note that since P(7j) = 7j ® 7^, it holds 

\P{li{si)) - P{12{S2))\ < 2V2min{|7i(si) - 72(^2)!, Wi{si) + 72(^2)!}, 
moreover, Va, 6 G we have 

V2\b X a\> mm{\b -a\,\b + a\} > \b x a\, (4.1) 
where 'x' denotes the wedge product, i.e. 

a X 6 = det ( ?M = |a||6|sin^ 
\ 0-2 02 J 

where 9 is the angle between a = (01,02) and b = (61,62)- Thus, by (4.1), it is sufficient 
to estimate |7i(si) x 72 (^2) I- 

We divide the proof of this proposition into three lemmas. First we estimate the 
difference between the tangents of two nonintersecting curves in terms of the curve- 
tangent distance and of the curve-curve distance (Lemma 4.3). Then we estimate the 
deviation of a curve 7 from its tangent line in the point 7(5) in terms of its curvature 
(Lemma 4.4). Finally, in Lemma 4.6, we express the estimate just obtained in terms of 
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the approximating curves 7 defined in Definition 4.1. The case when the tangents he on 
the same curve is then straightforward (Remark 4.7). These estimates depend exphcitly 
on a real parameter t which can be thought as the length of the stretch of curve we are 
using for computing the curvature. In order to prove Proposition 4.8 below, we will take 
the limit as ^ — > 0, but since we have no lower bound for the length L of a curve, in this 
step we have to take into account also the possibility € > L (Corollary 4.5). 

Lemma 4.3. Let 7,4 : M ^ M^, i = 1,2 be two smooth curves, parametrized by arclength 
(i.e. I7JI = I72I ^ I), and such that 71 (M) n 72 (M) = 0. Then there exists a constant 
C > such that ^ £ > and^ {s,t) e R'^ it holds: 

X 72(01 < C ( |7i(s) - 72(01 + max |7i(s) + (77^(5) - 7i(s + ct)\+ 

+ max |72(t) + r7^(i) - 72(t + t)| ) . 
Te[t-e,t+e] J 

Lemma 4.4. Let £ > 0, 7 : M — be a smooth curve, then 

\j{s) + a^'is) - 7(. + a)\ < -i'/' i^J^ h"i^)\'daj . 



max 



Corollary 4.5. Let £ > 0, L > 0, 7 : M — > 6e a smooth curve, such that 7' is 
L-periodic, then 

^ max^^ \^{s)+aj'{s)-j{s+a)\ < -l^/' min H ^ \l"{<r)fdaj , ^ \l"{a)fdaj 

Remark that we only assume that 7' is periodic (and not 7) since we need to apply 
this corollary to the approximating curves 7. 

Lemma 4.6. Let 7, 7, a, f3, be as in Definition 4-1, then Vs G M, ^ £ > it holds: 

2 f 1 

max |7(s) +(77'(s) -7(s + (7)| < -^^/^minM \di{u)\^da,l \a'{a)\^du\ + 

+ min |7'(.) - 7'(.)| da , {s) - ^ {s)\ da^ + {s) - i {s)\. 

Proof of Lemma 4-3 It is not restrictive to assume, t = s = 0, 7^(0) x 72(0) 7^ 0, 
|7i(0) - 72(0)1 / 0. Let £ > 0. Let 7^(5) := 7^(0) + S7,'(0), s G [-£,£]. If 

^K(0)x 72(0)1 <|7i(0)- 72(0)1, 
then, by (4.1) the proof is complete. Thus, assume 

^K(O) X 7^(0)1 > |7i(0)- 72(0)1, 

which implies that the segments 71 and 72 have an internal crossing point and that d > 0. 
In order to prove that the segments intersect, consider the function 

Mt) ■■= (71(0 - 72(0)) X 7^(0), t e [-£,£], 
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which represents a signed distance between the point 71 (t) and the hne which Ues on 
72(0). The derivative of (fi is 



and therefore 



iff 



^'i{t) :=7i(0 X 72(0) =71(0) X 72(0), 
<^i(i) = if and only if <^i(0) + t(p\ = 0, 



(71(0) - 72(0)) X 7^(0) + i7l(0) X 7^(0) = 0. 
By (4.1), a sufficient condition for such a t G [— ^, ^] to exist is then: 

£|7l(0) X 7^(0)1 >|7i(0)-72(0)|. (4.2) 

If we want to make sure that the two segments intersect, (and not only that 71 intersects 
the whole line lying on 72), we have to ask also that there exist s G [—(■■,£] such that 

<^2(s) = (72(s)-7i(0))x7i(0) = 0, 

which is implied, in the same way as above, by condition (4.2). Define 

d := mm{d{ji{-£), 72), d{ji{£), 72), ^(71, 72(-£)), ci(7i, 72(£))}. 

Now we use the fact the curves do not intersect: if each curve is close enough to its 
tangent line then two tangent lines cannot cross, otherwise the curves themselves would 
have to intersect. We claim that either 

i) max{|7i(s) -7i(s)|, se [-£,£], i = l,2}>^d 
or 

ii) 71 n 72 7^ 0. 
We argue by contradiction: assume that 

sup |7i(s) - 7i(s)| <ld, i = l,2, (4.3) 

s&[-e,e] ^ 

then the traslated segments 7^ := 71 it (5(7()-'-, b < {l/2)d, intersect the segments 
7^ := 72 =b (5(72)"'" (observe that shifting a segment 7^ in the direction perpendicular to 
7^ implies proportional changes in distances, (see Fig.8)). Let P be the internal part 
of the parallelogram given by the intersections of the segments ^f. By (4.3) it holds: 
P n 7i 7^ 0, i = 1,2. By construction, following dP in counterclockwise sense, we find: 
71" n 72, 7^ n 7i, 7f n 72, 72" n 71, which is a contradiction since by Jordan's curve 
theorem (sec e.g. [40, Theorem 11.7]) 71 disconnects P into two sets Pi and P2, so that 
any continuous curve 7 with P n 7 / and 7 n 71 = would have either {7 n dP} C dPi 
or {7 n dP} C dP2. By contradiction of (4.3) we conclude 

maxi sup hiis) - ji{s)\, sup \j2is) - j2{s)\\ > I- d. (4.4) 
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Figure 8: Crossing segments force curves to intersect inside the parallelogram P. 



Now let us estimate d from below. Denoting by r2 the line which lies on 72(0), we have 

d{li{t),r2) = |(7iW -72(5)) X 72(0)1, V5,t G 
so, in particular, it holds: 

min{(i(7i(^),72),(i(7i,72W)} > min{|(7i(^) - 72(^)) x 72(0)!, I(72(^) - 7i W) x 71(0)1}. 
We compute 

|(72(^) - 71 (^)) X 7U0)| = 1(72(0) + £72(0) - 71 (0) - ^7^(0)) x 7^(0)1 

= 1(72(0) - 71(0) +^(7^(0) - 7UO)) X 71(0)1 
>m2(0) X 71(0)1-172(0) -71 (0)|. 

The same estimate holds for |(7i(^) — 72 (^)) x 72(0)!, and for the endpoints in —i. By 
(4.4) we find that V£ > 

£|72(0) X 7l(0)| - |72(0) -7i(0)| < 2max( max |7,(s) - 7i(s)| : ^ = 1,2) 

< 2 V max |7i(s) - ^i{s)\. 

□ 



Proof of Lemma 4-4 Again, it is not restrictive to prove the statement in the point 
s = 0. For every s £ it holds: 



|7(s)- (7(0) + 57'(0))| 



^'{a)da — S7'(0) 



< / W{a) -7'(0)| da 



7(0)+ / 7"(r)dr-7'(0) 
Jo 



da< I / \-f"{T)\dTda 
Jo 



1/2/ ,.a \ 1/2 fs 

|7"(r)|V) da= / 
J Jo 



\l\r)\\\ da< 



1/2 
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□ 



Proof of Corollary 4-5 Let £,L > 0. If ^ < L we obtain the thesis by Lemma 4.4. 
Let then L < £. We argue by induction. Assume first that s G [0, L]; following the proof 
of Lemma 4.4 we get 



|7(.) - (7(0) + .7'(0)) I < Is^' l^f |7" (r)pdr) < h^/' ^ W'ir)\'dT^ 
Now let n G N, > (n + l)i^), and assume that 

max |7(0) + .7'(0)- 7(^)1 <^(nLf/M / l7"(cT)pdc7 , (4.5) 
we have to show the analogue estimate for all s G [nL, (n + 1)L]. For such an s we have: 



1/2 



bis) - (7(0) + S7'(0))| =\l{s) - j{nL) + j{nL) - 7(0) - S7'(0) + nLj'{0) - nL-/'{0)\ 

<|7(nL) - (7(0) + nWmi + \j{s) - j{nL) - {s - nL)j'{0)\, 

(4.6) 



by the induction hypothesis (4.5) it holds 

|7(nL) - (7(0) + nWm\ < l^nLf/^ |7"(^)l'd^) ^ 
On the other hand, by L-periodicity of 7' and Lemma 4.4 



(4.7) 



|7(s) - 7(nL) + (s - nL)7'(0)| = [7(5) - j{nL) - (s - nL)j'{nL)\ < 

(4.8) 

Combining (4.6), (4.7), (4.8), for all s £ [nL, {n + 1)L] we find 

|7(s)-(7(0)W(0))| < -(nL)3/2 ^ \j"{a)\'daj +-{s-nLf/' ^ h"{<r)\'daj 
and by superlinearity of x^/^ we conclude 

|7(.) - (7(0) + .7'(0))| < Is'^' ^j^ \i'{<r)\'da^ < ^£3/2 \^"{a)fda^ ^'^ . 

□ 
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Proof of Lemma 4-6 As in Definition 4.1, define a family of approximating curves 
{lajaeR by 

7o-(o-) = 7((^), 

= e^{s) for all s e M, 

see definitions (3.22)-. . .-(3.27). Observe that Vs,c7 G M : %is) = f{s), 7^'(s) = f'{s). 
Then, by L-periodicity of 7, for all s € M, Vr G [0,^], there exists t G M such that 
7(5) = 7(i), L > {s + r) - t > 0, and it holds: 

|7(s) + n'{s) - 7(s + r)\ = |7(t) + n'{t) - 7(5 + r)\ (4.9) 

< \la{t) + nUt) - %{s + r)\ + 

+ hit) - 7^(t)| + r\j'{t) - jUt)\ + l7(s + - 7a(s + r)|. 



1/2 
1/2 



By Corollary 4.5 we have 

\7ait)+nUt)-j,{s + r)\<-r^/^mmn \a'{T)fdT,j^ |a'(r)|2dr 

< ^£3/2 ^-^ y"^^ \a'{T)fdT , \a'{T)fdT 

By definition of {7(T}(TeM, choosing a = t we find 

l7(i)-7t(i)l = 0, 

rs+r r i-s+r i-L 

\l{s+r)-^t{s+r)\ < /|7'(r)-7'(T)|dr<min<^ / lYW - 7'(r)|o?T , / IVW - 7'(r)|c?7 

□ 

Remark 4.7. If there is just one smooth periodic curve 7 (instead of 71 and 72), then 
we can obtain the same estimate as in Proposition 4.2, using the same arguments as in 
Lemmas 4.3-4.6. Let L,i > and (s,t) G M^, we address three cases: 

i) Case \t - s\ > 2t then 7([s - i,s + l])r\ 7([t - -f £]) = and we can apply 
Lemmas 4.3 - 4.6 directly, as for two disjoint curves. 

a) Case |t — s| < 21, L > £: (assume s < t) we have [s, t] C [s, s -I- ^] U — £, t], and 
it holds: 



^|7'(s)x7'(i)|<|7'(s)-y(OI 



< (2£)^/2 



^*7"(a)da < (^f^da^ ' (^j\j"{a)\'da^ 

(4.10) 

e ft '"'^ 

Jt-i 



1/2 



1/2 



iii) Case |t — s| < 21, L < t. by periodicity of 7' wc can find s,t G M such that 
7'(s) = 7'(s), i{t) = i{t) and |s - i| < L. Then, by (4.10) we find 



^|7'(s)x7'(t)|< 
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Finally, we introduce the approximating curves 7 as in Lemma 4.6, and we use equations 
(4.10), (4.11): 

|7'(^) - 7(01 < Wis) - 7'(t)| + Wis) - j'{s)\ + Wit) - 7'(i)l < 

<-i^/^mmlj \a'{a)fda,J \a'{a)fda\ + 

ft+e rL ^ V2 

+ 



+ V/2min|/ \a'{a)fda, [ \a'{a)fda 
3 [Jt-e Jo 

+ Wis)-l'is)\ + \j'{t)-j'it)\. 



□ 



4.2 Compactness in the strong topology 

We first comment on the definition of weak and strong convergence for a couple of 
functions and measures {^^,P^). Let {^e} C RM{i}), fi^ ^ Ji = ^C'^i.Q, and let {Pe} C 
L^(ri,//e;]R^^^) such that \Pg\ = 1. By compactness there exists a subsequence weakly-* 
converging to a measure 7 G RM{VL x M^^^), but we can only represent the limit measure 
7 through a family of Young measures {vx}x&Q. (see e.g. [3]) satisfying 



nxR2x2 



ip{x,y)d'y{x,y) = i ip{x,y) di^a:iy)] dn{x). 

JQ \yR2x2 / 



In this section we prove that for a sequence {u^} with bounded energy, it is possible to 
decompose the limit measure as [p,, P] and we show which properties of P^ are inherited 
by P in the limit. Proposition 4.8 collects the statements, and this proposition ends the 
proof of part 1 of Theorem 1.3. 

Proposition 4.8. Let {ue} C K be a smooth sequence such that Geiug) < A for some 
A > 0, and let /Ltg, P^ be the related sequences of measures on the boundary of the support 
and orthogonal projections on the tangent space. Let p. = ^C'^L.n e RMip). Then there 
exists P G L^(0;]R^^^) such that, up to subsequences, 

lim / ^{x,Pe{x))diXe{x) = I ip{x,P{x))dfi{x), V^j G C°(0 X M^^^). (4.12) 

Thus 

{Pe,iJ-e) — >■ {P^P) strongly in L^, in the sense of Def. 2.8. 



Moreover P satisfies 



P"^ = P a.e. in n, (4.13a) 

rank(P) = 1 a.e. inn, (4.13b) 

P is symmetric a.e. in J7, (4.13c) 

divP G l2(M^;R^) {extended to outside n) , (4.13d) 

PdivP = a.e. inn. (4.13e) 
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Proof. First of all we note that properties (4.13a-4.13c) are a direct consequence of 
the strong convergence (4.12) and (2.10). Property (4.13d) is proved in Lemma 3.16. 
Property (4.13e) corresponds to P ■ H = 0, which is trivially true at level e since the 
interfaces are smooth; it is conseved in the limit as £ — > owing to (3.35), Lemma 3.16, 
(4.12), and Theorem 2.11. 

Let {p''} be a sequence of smooth moUifiers in M?, and let {ps, -Pe) be a subsequence 
such that the graph measures [/X£,Pe] converge to 7 G RM{Cl x R^^^) in the weak-* 
sense. Let {i'x}xen be the family of Young measures associated to 7 and let S := {f E 
^2x2 . I ji ^ -^j order to prove (4.12) it sufficient to show that 

lim lim / p\x- y)\Pe{x) - Pe{y)\ dp,{x) dpe{y) = 0. (4.14) 

In fact, if we show that 

lim lini / p'^{x-y)\Pe{x)-Pe{y)\dpe{x) dji^iy) = ]: i i \f-g\duj;{g) dua:{f) dfj,{x), 

(4.15) 

then equation (4.14) implies that 



m\f -g\ dv^{g) dvxif) dp,{x) = 0, 



that is 

\f - g\ du^ig) dux{f) = for C'^-a.e. x e fl, 



II 

Js Js 



ISJS 

and this is true if and only if the support of each is atomic, i.e. if there exists a 
function P : CI ^ S such that 

i^x = ^p(x) foi" -C^-a.e. X E CI. 

Notice that P{x) = j^x dv^ is measurable, owing to the weak measurability oi x ^ v^. 
Therefore we have that 

ip{x, y) dj{x, y) = J^I^J^ (p{x, y) dSpf^^^ (y)^ dfi{x) = ip{x, P{x)) dfi{x), 



nxs 



i.e. 7 = [P,p] and the measure-function pairs [pi^^Pf,) strongly converge to {p,P). 
The remaining part of the section is devoted to the proof of (4.15) and of (4.14). 



4.3 Proof of (4.15). 

For sake of brevity, denote S := {f £ 1^2x2 . |j| < i}^ Q ■- Q x S and 99^ : ^ M, 
(p'^{x, f,y, g) := p^{x — y)\f — g\. Note that the weak convergence of [fj,s,P^] to 7 on Q 
implies that the product measures [p^, P^] x [p^, P^] converge weakly to 7 x 7 on Q x Q. 
We have 

/ p''{x-y)\Pe{x)-Pe{y)\dpe{x)dpe{y) = / ip''{x, f,y, g) d{[pe, Pe]x[pe, Pe]){x, f,y, g), 

Jnxn JQ'^ 
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and passing to the limit as e ^ 0, we obtain 

f''{x,f,y, g) d{j x-f){x,f,y,g). 
By Fubini's theorem this is equal to 



(4.16) 



IQ JQ 

which we can now disintegrate into 



/ / f''{xj,y,9)dj{y,g)d'y{x,f), 
JqJq 



/ ( / / 'P''{xj,y,9)di^y{9)di^{y)) dj{x,f). 
JQ \JnJs / 



Define 



^(^,/) \f-g\duM^L\Q,^), 

J s 

and define tp'^ G C^{Q) as the partial convolution, with respect to x, of with '0: 

''{x -y) Jjf-g\ duy{g)j dfi{y) 



Jn 

= f''{xj,y,g)duy{g)dfl{y) 
Jn Js 

By standard results on convolution 

ip^ V) strongly in L^{Q,'y), as k ^ oo, 

which implies 

hm / ^\x,f)dj{x,f)= [ ^(x,/)d7(x,/), 

k-^oojQ JQ 

that is (4.15). 
4.4 Proof of (4.14). 

Since we are still in the context of the proof of Proposition 4.8, we adopt the assumptions 
of that Proposition. 

Proposition 4.9. Under the hypothesis of Proposition 4-8 there exists a constant C > 
such that, V/c G N, Ve > 0, and V£ > 0, we have 



□ 



/ p\x-y)\P,{x)-P,{y)\dUx)diiM < 



Ll(f2;Ms) 



+ 



+ Ci 





1/2 




1/2 / 




L°°(n) 







1/2 



\^eda\ + 



+ Ce 





1/2 




1/2 




L°°(f2) 







+ Ce 
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Delaying the proof of this proposition, we first complete the proof of (4.14) and of 
Proposition 4.8. We show that if 

Ge{Ue) < A < +00, (4.17) 

then there exists a constant C > such that, V^>0, VfceNwe have 

lim / p\x - y)\P,{x) - P,{y)\ dii,{x) dii.iy) <c(^ + i], (4.18) 

so that we can conclude (4.14): 

lim lim / p''{x - y)\Peix) - Pe{y)\dne{x) dne{y) = 0. 

In order to prove (4.18) we examine the limits, as e ^ 0, of the four members on the 
right-hand side of the inequality in Proposition 4.9. In particular, we need to estimate 
\p''*l2^{x)\. Recall that 

/'*/Xe(x) = / p^{x-y)dpe{y)- 
By Lemma 3.13 we have that 



lim ps = p := ^i2^LQ, weakly-* in the sense of RM(fl), 
therefore, by basic properties of the convolution (see e.g. [3, par 2.1]) 

lim p^*pe = P*"*/^, strongly in C°(l^). (4.19) 

Since 

l|P**M£|lLi(n;^e) = j^p''*IJ'e{x)dpe{x) = RM (Q) {fJ-e , p'' * fJ-e) (Q) , 



we have 



Jim||p'=*/x,|Li(n.^^) = -, (4.20) 
lim||p^M.|lL^(n;^,) = ^. (4.21) 
lim 1 1 p'' * Me 1 1 LOO (H) = ^. (4.22) 



We also estimate 
Lemma 4.10. 



/ ' \a'^{s)fsds < C. (4.23) 
Jo 

Proof. Consider again (see (3.19)-(3.21)) the set 
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by which definition we have 



^e{u,) -1>J^'(^1- MM^ eds > jj- Eds = '-\A% 
and therefore by (4.17) 

l^el < Ce. 

Then, by definition of (see (3.23)) 



2 

I £<C, 



/ \a'^{s)\'sds<\At\(—^^ 



□ 



Thus, using (4.20), (4.21), (4.22), and (4.23) we compute 

lim / p\x - y)\P,{x) - P,{y)\ dl^e{x) diiM < C + ^ + + oV 
This impHes that V£ > 

hm hni / p^{x - y)\Pe{x) - Pe{y)\ dne{x) dneiy) < Ci, 

and by the arbitrary choice of i we obtain (4.14). □ 

Proof of Proposition 4-9. For sake of notation, we drop the index e throughout this whole 
section. Owing to Proposition 4.2, it is sufficient to estimate separately the following 
four terms: 



S=ij=i-^o Jo 

E2 = ^^/^VV / 7 'pHljis) -jiit))mm\ / \a'jia)\^da,2 \a'j{a)fda\ eds edt 

i=l j=l -^0 -^0 -^s-^ -^0 J 

^3 = ^X^X^^^^V(7,(5)-7^(*))min|£f4(^)-7K^)l^^' 2l%{a) - j'^{a)\a^ eds edt 



i=ij=iJo Jo 
Recall that 

Jn ,_i Jo 
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and for 1 < p < oo 

ll/^e|li.(a;;..) = / \p%e{x)\^dt,,{x)<{eLy-'Y.Y. ^ ^ \pH7jis)-li{tWedteds. 
JCl Jo Jo 



Estimate for Ei. Since supp(p ) = .6(0, 1/k), it holds: 

o i^As) - ^At))- edsedt = — p *Ue 



^1 ^ lEEf ' £^ p'^^M - im)\edssdt = 1 



i=l j=l 



Estimate for E2. Let Ji C {1, . . . , J} be the set of indexes such that £ < Lj, and J2 
be the set of indexes such that i > Lj. For every j G Ji let Nj := [^J and define 
r := L/N. Then £ < t < 2£, and we can partition the interval [0, Lj] into Nj subsequent 
subintervals /" := [nr, (n + l)r], n = 0, . . . ,Nj — 1. Define also := [— r, 0], and 

:= [Lj,Lj+T]). Let 



E2,i:=£'/'J2Y. / P\^M-im[ edtsds, 
jeJ2 i=i ^ ^ 



(so that ^2 = E2,i + ^2,2). If s e /]S then [s - s + C IJ"^ U U so that 

Nj-l / \ / \ 1/2 

Now we separate the integrals of p'^ and a'j using Holder's inequality. 

/Nj-l I X 2\ 1/2 \ 1/2 

\jeJi n=o V'^-'j / / yeJi n=o •^-'j ^''j'-'-'j y 

7V,-1 / _ X 2\ 1/2 / X 1/2 



VjeJi n=o V-^^" / / V jeJi ° 
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Using 



we find 



E2,i < 2ee\\p'' 5] J] / /*/x,(7,(.))6d. {3^ \a',ia)fda 

\ iGJi n=0 -^-f" / \ 7=1 > 



ieJi 



/ \i/2 I r^j 

In the case £ > Lj, using again Holder's inequality we find 

(/J \ 2\ ^'^^ / \ 



Arguing as before we find 



p'^*Ps{'jj{s))eds < e\Lj\ sup \p''*He{lj{s))\ < £isup\p'^*pe{x)\, 
se[o,Lj] xen 

so that 



<£V2(||p^/x,||^oo(n)||p'=*/^elLi(n;^,))'^' l^J^^ ' \a'j{a)\^eda 
Estimate for E^. Arguing as we did for £^2, we divide £^3 into 

J i-Lj f-Li / i-s+e. 



1/2 
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and, using Jensen's inequality, 



Js-e J Js-i 

(^2£' |7j(a) -7i(cT)|da) < (AL,) \j'^ia) - j'^{a)\' da, 

we compute: 

£^3,1 + ^3,2 < J (e^l|p'*)".|lLoc(n)||/*/x.|Li(n;^,))'^' ' \"^'M)-^'M)\''d<y 

<c(||p'=*M.|lLoo(n)||p''*/".ILi(n;^,))'^' {y.J^ ' |7K^)-7K^)I'^'^^ 

(4.24) 

As in (3.19), we define 

r ^ , MAs) l\ 

^e,,:=|5e[0,L,]:^^>-|. 

Then (see (3.38)-(3.40) and (3.20), (3.21)) it holds 

Finally, owing to Proposition 3.8 we obtain 

' \l'M)-ij{<^)?eda\ < Cs{g,{u)f'. (4.25) 

Estimate for E4. 

f J L ( J L Y'^ 

<C\\p''*f^e\\mn;^,)e{Ge{u)f\ 

where, in the last step, we used (4.25). □ 
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5 The limsup estimate 

Throughout this section, Q is an open, bounded, connected subset of M^, with bound- 
ary, and n is the outward normal unit vector to dil. We recah that ICo{il) is defined as 
the set of all P G L2(J^;M2x2) such that 

p2 = P a.e. in fi, (5.1) 

rankP = 1 a.e. in Q, (5-2) 

P is symmetric a.e. in $7, (5-3) 

divP G L2(m2.]^2^ (extended to outside O), (5.4) 

P divP = a.e. in O. (5.5) 

Remark 5.1. The sense of property (5.4) is that the divergence of P (extended to 
outside Q), in the sense of distributions in M?, is an L'^(B?) function, i.e. there exists 
C > such that for any test function </? G C^{R'^,M.'^) 



< C\\(p\\L2m2). (5.6) 



/ P(x) : V^p{x) dx 
Since for any P G H^{9,) 

- P :V(pdx = / diY P-(pdx- (Pn) ■ cpdS, 
Jn Jn Jon 

then (5.6) implies 

Pn = in the sense of traces on dU. (5.7) 

□ 

In this section we construct a recovery sequence for each element of the limit set 
/Co(fi). Proposition 5.2 collects the relevant results, and provides the proof of part 2 of 
Theorem 1.3. 

Proposition 5.2 (The limsup estimate). Let Q, be a tubular neighbourhood of width 25 
and of regularity , and let the sequence — ^ satisfy 

6/2£n G N. 

If P & /Co(i^) there exists a sequence {un} C K such that 

Un ^ weakly-* in L°°(p,), 

fJ-n '■= £n|Vn„| 5>C2|_f2 weakly-* in PM(J7), 
{fin,Pn) (|>C^lO,P) , strongly, in the sense of Def. 2.8, 



and 



limsupg^Jun) < / |divP(a;)|^dx. (5.8) 
For this purpose, we will use the following characterization, given in [32]: 
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Theorem 5.3. Among domains fl with boundary, A^o(^) is non-empty if and only if 
ft is a tubular domain. In that case }Co{ft) consists of a single element. 

Recall that a tubular domain is a domain in M'^ that can be written as 

n = T + B{0,6), 

where F is a simple, closed, curve in with curvature k and < (5 < In this 

case the width of the domain is defined to be 2S. The unique element P G {CI) in the 
theorem is given by 

P{x) = t[ttx) <S> t{ttx), 

where tt : $7 — > F is the orthogonal projection onto F (which is well-defined by the 
assumption on S) and t{x) is the unit tangent to F at x. 

Remark 5.4. By the strong compactness result in Theorem 1.3, any admissible 
sequence satisfying Gej{uej) < C admits a subsequence such that the related measure- 
function pairs strongly converge to a limit {^C, P), with P G /Co(^)- Thanks to Theorem 
5.3 we know there is a unique such P and we recover strong convergence for the whole 
sequence (/x^^. , Pg^. ) . Thus, in the proof of Proposition 5.2 wc need only to build an 
admissible recovery sequence and to prove the limsup inequality (5.8). □ 

Owing to Theorem 5.3, in the following, we can parametrize the tubular domain Q 
by level sets of a scalar map 0, whose main properties are: 

Lemma 5.5. Let P G /Co(J7) and let dQ^ be one of the connected components of dil, 
then 

Qb x^ (f){x) := d{x, 50°), (5.9) 
satisfies (p £ C^i^), |V^| = 1 on O, 

P{x) = V(f>^{x)^V(t>^{x), 

and it is possible to parametrize every t-level set of (j) by a simple, closed, C"^ -curve 
7t : [0, Lf] — > |7'| = 1, which satisfies 

{xGn-. <Pix) =t} = {7t(s) : s G [0, Lj]}, 
jl{s)=V(j)^ijt{s)) VsG[0,Li], 
j'/{s) = diYP{jt{s)) yse[0,Lt]. 

5.1 Building a recovery sequence 

Let O be a tubular neighbourhood of width 2S, let P G /Co(r2) be given and let ^ G (7^(0) 
be the corresponding potential, as in Lemma 5.5. The construction of the recovery 
sequence is an adaptation of the method introduced in [29] and here we divide it into 
three steps. First we divide the domain Q into stripes .y^ according to the level sets of 
(j), and we define a function on y^. Then on every stripe we compute the contribution 
to ^s{u^) due to the length of the interface and we estimate from above the term due to 
the Wasserstein distance. Finally we glue together the functions on the stripes in order 
to get a function on the whole and complete the proof of Proposition 5.2. 
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Let £ such that (5/2e G N, set N;, := 5/2e, and define the stripes 

.-{xen-. Aeh < (t){x) < Ae{h + 1)} , h = . . . - I. (5.10) 

Note that Q, = U/^o ^ '^e* each, stripe is a 2£-tubular neighbourhood of the 

curve {4> = 2e{2h + 1)}. In order to present the proof in a convenient way we exploit 
this particular geometry and we compute the estimates on the tubular neighbourhood of 
a generic closed curve 7. 

Step 1 - Construction of n on a stripe Let 7 : [0, L] ^ be a 
closed curve, parametrized by arclength, and let be the 2£-neighbourhood of 7. Let 
u : [0, L] — be the unit normal field of 7 that satisfies 

u{s) = V4>{j{s)) 

and let k{s) be the curvature of 7 in direction of 1^(5), 

k{s) = -u'{s) ■ 7'(s) = iy{s) ■ j"{s). (5.11) 

Owing to the geometry of S we can introduce the parametrization 

$ : [0,L] X [-2£,2£] ^ 

$(s,t) := 7(s) + ii/(s) 

and we calculate 

\detV^{s,t)\ = l-tK{s) ioT < s < L, -2e <t <2£. (5.12) 
We recall the mass coordinates (see Def. 3.5) 

nis{t) = m(s, t) :=t- ^k(s) 
and the inverse mapping ts{m) = mj^(m) (see Prop. 3.6), 

tJm) = t(s,m) := ^— [l - (1 - 2mAc(s))^/2 . 
Define two functions p-h />_ : [0, L] — M 

p+(5) := -1^ (1 - (1 - 2eK{s) + 2e\isfy/') , 

p_(s) := J-^ (1 - (1 + 2ek{s) + 2e\is)y/^) , 

so that 

D+ := {{s,t) : < s < L, 0<t< p+{s)} , 
D" ■.= {{s,t):0<s< L, /9_(s) < t < 0} , 
divide into two sets having the same area, i.e. 

m(s,p+(s)) = ^m(s,2£) =e{l-£K{s)), 
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Finally we can set 



m(s, p-{s)) = — 2£) = —£(1 + 



^ ' ' '0 otherwise. ^ ' ' 



Step 2 - How to compute di{u, l — u). We now define an injective transport map 
T : ^{D+U D-) W^, between {u = 1} and {u = 0} on ^, 

T($(s, t)) := t(.s, m(s, t) + e(l - eK(s)))), if (s, t) G 

r($(s, t)) := m(s, t) - e(l + eK(s)))), if (s, t) G L»- 

First we show that T is a proper transport map, i.e. that Vry G C'c(^) 



T]{T{x))u{x)dx = / r/(r(x))c?x= / / r]{T{^{s,t)))\det^s,t)\dsdt 
Jn J^{D+uD-) J Jd+ud- 

??(r($(s, t))) I det I ds dt 

,--(s) 



P-is) 
L /•e(l— £«(«)) 

/ r/(T(#(s,t(s,m)))) |det$(s,t(s,m))| \t'^{m)\dmds 

J-e(l+£K(s)) 
L /■e(l-£«;(s)) 



r/(T($(s, t(s,m)))) m'5(m5 (m)) (m^ )'(m) dmds 

-£(l+£/t(s)) 

n'£(l-£K(s)) 
r/(r($(s,t(s,m))))dmds 
-£(1+£k;(s)) 

n£(l— eK{s)) /<L /<0 

?7(<I>(s, + e(l - £^(5))))) dmds + / / r]{^{s,ts{m - e{l + eK{s)))))dmds 
Jo J-e{l+eK{s)) 

;(s)) i'-£{1+sk{s)) 

ri{^{s,ts{m))) dmds + / / rj{^{s,ts{m))) dmds 

)) Jo J-2e(l+eK(s)) 



J£(1-£k(s)) .>'-2e(l+£K(s)) 

a2£ /-L rp-{s) 

r)ms,t)) \det^ {s,t)\dsdt+ / / r7($(s, t)) | det t)| ds dt 



/ r/(x)(l - n(a;))|^dx. 
Jn 



In view of estimating from above the Wasserstein distance di{u, 1 — u) we compute 



r re(i-eK(s)) 

/ |a; — r(a;)| n(a;) dx = / / \ts{m) — ts{m + e{l — eK{s)))\dmds 

J(I>{D+) Jo Jo 

"L />£(1 — £k(s)) 

(ts(m + £(1 — en{s))) — ts(m)) dmds 




10 JO 

i-L />2e(l— eK(s)) i-L /•£(!— eK(s)) 

= / / ts{m)dmds— I I ts{m)dmds. 

Jo J£(i-£k(s)) Jo Jo 

In order to simplify the following computations, let a,/3 G M, and M := e{l — £k{s)). 
We find 

/ ts{m) dm = —^ 3k{P - a) + (1 - 2kpf^^ - (1 - 2kaf/^ 
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/ tsim) dm- I ts(m) dm = (1 - AMkf/"^ - 2(1 - 2Mkf/'^ + 1 
Jm Jo L 

By Taylor expansions (where ^ = Mk) 



2(1 - 20'/' = 2 - + ^ ^3 + - ^4 + O(e^), 



we obtain 



l'2M rM ^ 

/ ts{m)dm- / ts{m)dm = -—^ 
Jm Jo 



(5.14) 



In the same way we compute the transport on (p{D ): let M(s) := —£(1 + £«;(s)), then 



/ \x — T{x)\u{x) dx = / / |ts(m) — ts(m — e(l + £:k(s)))| dmds 
J(t>{D-) Jo Jm{s) 

no 
-{tg{m + £(1 — £«(«))) — ts(m)) dmds 

nM{s) j-L i-O 

— ts{m)dmds+ / / ts{m)dmds, 
_M(s) Jo Jm(s) 



so that 



/•M(s) pO 1 

/ -ts(m)dm+ / ts{m)dm = e^ + e^K{s)--e'^K^{s) + e^C{s). (5.15) 

J2M(s] Jm(s) 4 



/2JW"(s) JM(s) 

Combining estimates (5.14) and (5.15) we find 

^di(u, (1 - ?X)|,5^) < - / 



-di(u, (1 - u):^) <- [ £2 - ^£^At'(s) + £^C(s) ds<2eL-l [ e^K^{s) eds + e^C 
£ ^ Jo ^ 2 Jo 

(5.16) 

for the function u defined in (5.13) which has support in . 

Step 3 - How to compute j \ Vu\. We compute the length of the curves which 
bound supp(ti). Define 



7+(s) := 7(s) + p+(s) v{s), and 7_(s) := 7(5) + p_(s) v{s), 



so that 



l'+{s) = 7'(s) + pV(s) z/(s) + p+(s) z/'(s), 
and by (5.11) and |7'| = 1 we get 

L+ := (\i^{s)\ds= f\l-2eK{s)+2e'n\s) + {p'^f{s)) 
JO Jo 



1/2 



ds 



We compute 



1 - (1 + 2£K + 2(£Av)2) 



2£k' + 4£''kk' 
2k 



(1 + 2£k + 2(£k)2)^/^ 
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and by Taylor expansion we find 

L+ = + + ds, 

and in the same way 

L- := £ ds = {^ + ^^^is) + + 0(e-^)^ ds. 

Therefore ^ 

e [ \Vu{x)\ dx = 2eL+ [ e'^K^{s) eds + 0{e^). (5.17) 
Jq Jo 

Remark 5.6. It is at this point that the regularity of J7 is required. The derivative 
k' enters in the higher-order terms O(e^); therefore boundedness of k' is required for 
these terms to be actually of order e^. Note that since these terms vanish in the limit, 
the value of the derivative contributes nothing to the limit. 

Whether the boundedness requirement on k' is sharp is not clear. In a related context 
a method was developed to circumvent such a requirement (see [37, Ch. 7]); it is possible 
that a similar construction would apply to the case at hand. □ 

Conclusion. Finally, collecting the estimates (5.16) and (5.17) we obtain 

r I K^is) 

£ \Vu{x)\dx + -di{u,{l -u)\j^) < 4eL + £^ j —^eds + Ce^, 

for the function u defined in (5.13) which has support in S^. 

Remark 5.7. Since ^ is a tubular neighbourhood of the curve 7, we have 

Area(,5^) = Diameter (0$^) • Length(7), 

and therefore 

\y \ = 4eL. 



□ 



We deduce that 



Jo 2 



Let 



(5.19) 



7^ : [0, Lg] ^ Q be the parametrization, as in Lemma 5.5, 
of the set {(f) = 2e{2h + 1)}, for /i = 0, . . . , - 1 

so that defined in (5.10) is a 2£-neighbourhood of 7^. Following the construction of 
Step 1 we can define a function on each y^, as in (5.13). Then let 



u,{x) :=u^{x), iixey^. 

Since 



iVe-l ^ N,_-l 

.h 



/ \Vue{x)\dx= / \Vu^{x)\dx and di{ue,\ - Ue) < di(Ug, 1 
h=o h=0 
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owing to (5.18) we obtain 



h=0 

where k^{s) = \ div P{'j^{s))\ is the curvature in the direction of V (f){'j^ {s)) . Define the 
system of curves given by 

r. := U (5-20) 

h=0 

and the corresponding measure 

/i, :=eWVr,. (5.21) 
In order to conclude the proof of Proposition 5.2 we need to show that 

fle^^C^n in RM{n). (5.22) 

Indeed, we have 

h=0 ^ h=0 



V ri^eds= t r l^^^^^^-^^^^l ec^. = i/|d.vP(.)PdA.(x), 

(5.23) 

so that (5.22) and (5.23) imply 

lini y / l!^£ZL£(is = ^ / |divP(x)|2da;. 
.-0 ^J, 2 8 

As a consequence, e~^{^^{u^) — \^\) is bounded and therefore, owing to Lemma 3.13, 

e\Vu,\^^jCLn in RM{n) 

and 

uejc'^^n^^jc^n mRM{n). 

We make use of the following 

Lemma 5.8. Let Q, be a tubular neighbourhood of width 25 and let the map Q 3 x i-^ 
(f){x) := d{x,di}^) be as in (5.9), then there exists C = C(il) > such that 



T] dn^~ T] dn^ 



<Ca{\s-t\), Vs,te [0,2,5] V 77 G C°(J^), 



where a is the modulus of continuity of rj. 

Proof of Lemma 5.8. As in Lemma 5.5, let 7t : [0, Lj] — > f2 be an arclength 

parametrization of {</> = t}. Owing to the geometry of VL we also have the parametrization 
7t : [0,Lo] lt{T) := 7o(r) + ii^o(T). Owing to (5.11) and (5.12) it holds 



/ r^drL'= Viltir)) dr = r?(7t(r))(l - teo(r)) dr. 
J{(P=t} Jo Jo 
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We compute 

,^ ,1 / ,^ ,1 ( 

{4>=t} 



dn^-f r,dn^= [ \mr))-v{%{r))dT+ f ° Ko(r) (577(7, (r))-ir/(7t(r))) dr 
J{4,=s} Jo Jo 

= / Vi^tir)) ~ vi%{T)) dr + / SKo{T){'n{%{T)) - r]i^tir))) + (s - t)Ko{T)r]{^t{T)) dr, 
Jo Jo 

and we conclude 

< {\dn^\ + 2S\\Ko\\Li)a{\s - t\) + ||ko||li|* - s|||??||co(t2)- 



/ rjdU^ - j r] dV} 

J{(j,=t} J{<t>=s} 



□ 



Proof of (5.22). Let be a tubular neighbourhood of width 25, let il) G C'c(^) 
0,3 (f){x) := d{x, dOP) as in (5.9), then by the coarea formula 

[ i){x)dx = I ■4){x)\V(t){x)\dx = I (I V dnA dt. (5.24) 
Ja Jn Jo \j(i>=t J 

Define the functions g{t) := I -0 dH} , and 

J(t>=t 

gS)-=9{{^h + 2)e) if t G [4/i£, 4(/i + !)£[, h = . . . ,N, - 1. 
By definitions (5.19), (5.20) and (5.21) 

/ gS) = 4e V g{{Ah + 2)e) = 4 / ^{y) edH\y) = 4 / '^{x) dil,{x). (5.25) 
Jo ._n -/re Jn 



h=0 

By Lemma 5.8 



lini sup \gS) - 9{t)\ = 0, (5.26) 



therefore, by (5.24), (5.25) and (5.26), G C^{0) 

il>{x)dx= / lim (7£(t) (it = lim / (t) = lim 4 / 'il>[x) dile{x). 
n Jo ^-'^Jo ^-^0 Jn 



□ 



A Appendix: A varifold interpretation 

The result of compactness stated in Theorem 1.3 may be naturally read in the language 
of the theory of varifolds. The effort made for further definitions and abstraction is paid 
back by the direct access to useful tools and concepts which are employed in the proof 
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of the main result. In Theorem A. 2 we restate Theorem 1.3 in terms of convergence of 
nonintegral varifolds and first variations. 

We recall some basics definitions, referring to [16] for a general introduction to the 
subject. 

Let Gi^2 be the Grassmann manifold consisting of all the 1-dimensional subspaces of 
R^, we identify any element P G Gi^2 with the orthogonal projection onto P and therefore 
with a matrix in B?^"^. Let Q, be an open subset of and define Gi{^l) := O x Gi,2, 
then a 1-varifold in is a Radon measure V on Gi{ft). 

Definition A.l. (Rectifiable varifolds) Let F be a 1-rectifiable set embedded in M^, let 
: r — (0, +oo) be a Borel function locally integrable w.r.t. J^^lF and let n := OJif^iT, 
then a rectifiable 1-varifold Vr,e associated to F is defined as 

Vr,e{A) := {id X P)#n{A) c Gi(M'), 

where P is the ;U-measurable application which maps x G into the approximated 

tangent space P{x) = apTxT. □ 

The function 9 is called the density of the varifold. For every bounded Borel function 
V5:Gi(M2)^Mit holds 

/ ^dVr,e= f (p{x,P{x))9{x)dJ^^{x). 
7gi(r2) ' Jr 

Making use of these concepts, the couples {ns,Pe) introduced in Section 2.3 can then be 
regarded as the rectifiable varifolds Vrs,e = {id x P^)^^^ G RM{G\{^1)), associated to 
Fg, with constant density 9{x) = s. 

We introduce now the generalized mean curvature vector, in the sense of Allard. 
Define the first variation of a varifold V as 

§V{r]) := I divp ri{x) dV {x , P) , V?? G Cl{n;m^) 

where divp ry is the tangential divergence of the vector field 77 with respect to P. If 

sup{(5y(?7) : r]eCl{VL-^^), ||r/||oo < l} < +00 

then there exists a unique H G L^^^^(i7, /x; R^), called generalized mean curvature and a 
unique vectorial Radon measure a such that 

5V{r]) = - [ H{x)-ri{x)dn{x)- [ {ri{x),da), Vr/ G C^(0; M^). 

These varifolds are called varifolds with locally finite first variation, or Allard's varifolds. 
As a consequence, for every e > 0, Vr^^e is an Allard's varifold and owing to a result by 
Brakke (sec [5]) the generalized mean curvature is almost everywhere orthogonal to the 
approximated tangent plane, i.e. 

Pe{x)He{x) = for ^1-a.e. x G F^. (A.l) 

Finally we can state a varifold analogue of Theorem 1.3.1: 
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Theorem A. 2. Let the hypothesis of Theorem 1.3 hold, define the sequence of 1-rectifiable 
varifolds Vpg^e := {id x Pe)^£\Vue\. There exists a unique P G /Co and a subsequence of 
indexes {£j}jeN such that 

Vre,£ V := (id x P)^-C^ as varifolds on Gi{^) 
lim 6Vr^^e{A) = 6V{A) V open set Ac n. 

Note that an application of Allard's Compactness Theorem gives the existence of a 
limit varifold V such that 

liminf \6VT„e\{A) > \dV\{A) V open set A CC n. 

£j—*0 

We prove that the compactness enforced by is much stronger: instead of a lower 
bound we obtain a limit for the first variations and we have a precise characterization 
of the limit varifold which, note, is not 1-rectifiable, in contrast to the elements of the 
sequence. 
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